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§ 1. Beenenne. MopMyInpoBKa 0CHOBHBIX Pe3yIbTATOB

1. Hyers (", F™),=; — H0OCIETOBATEABHOCTD U3MEePUMBIX IIPOCTPAHCTB,
P" u P" — Bepoatnocrurie Mepsr ma (7, 77, n > 1.

Onmpenemenme 1 ([1]1 — [6]). Iocaemosaremprocts mep (P")p=>,
HABLIBACTCA  KOMMUZYAAbHOU ') TO OTHOMEHHWIO K IOCIE[0BATENBHOCTH Mep

(P")n=1 (oGosmauenme: (P") < (P"), ecim mus a06oif TOCHENOBATENBHOCTH
MHOKECTB (A=, ¢ A" € F 7

(1.1) lim P* (4™) = 0 = lim P™ (4™) =0.

n n

Ompenenenune 2 ([7] — [10]). Ilocaemosarenbmocti mep (P*),—,
u (P"),>; masmBatorca enoane acumnmomunecku pasdesumwimu (obosHaveHNE:
(IN’") A (P™), eciam cymecTByeT mOIIOC/IeN0BATEIBHOCTD (') m MBOMRecTBa
A" € 7™ rakme, dro lim P"(A™) =0, u B 10 e Bpema lim PV (4™) = 1.

n’ n’
3ameuanue 1. B tom wacrHoMm cayuae, Korjia Q", Fm = (Q, #)

nP"=P, P"=P, 1. e. Koria paccMaTpuBaemsie n3MepUMBIe IPOCTPAHCTBA
U MEephl He 3aBUCAT OT 72, CBOMCTBO KOHTUIYAJIbHOCTH TPEBPAINAETCA B CBOWCTBO

abcorornoit nempepsiBHocTH (P < P) Mepni P otnocureasro P, a monHas acmmi-
TOTIYeCKast PaseTuMoCTs Gyaer oduadars cuuryiaspuocts (P | P) mep P u P.

1) Contiguity (ames.) — cMesRHOCTB, COTI MKOCHOBEHHEe, OJIM30CTh.
: g

7 Vcmexm mareMm. Hayk, T. 37, Beid. 6
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2. Bo BceM maibpHelimeM OygeT IMpeamoJarathbCs, 4T0 HaPALY ¢ N3MEePHMBIMA
npocrpamcTBamm (Q", F ™) mpm Kaskgom n > 1 BamaHBl ceMmeiicTBa 0-aire6p
F* = (FMiso makme, uro 57 = {g, Q}, FrisFtn=sF" 1 F" =

= o(U.F1). Obosmaunm P% = P* | #% m Pp = P" | ¥} — cyKeHusi Beposr-
3
HOCTHHIX Mep P" m P™ ma c-anreGper % f.

SamMeuanne 2. [lycrp ma (Q, %) 3ajjaHH /iBe BePOATHOCTHHIE MepPhHL
PuP, F = (Fr)r>o — cemeiictso o-anre6p, o= {J, L}, Fr & Frt1 & 7,
F=o(UFpr uP,=P|Fp Py = P| 5, Torna KoHTAryaIabHOCTH CeMeii-

B
crpa Mep (Pp)p=o mo ormomenuio K (Py)r>,, paccMaTpuBaeMbix Ha (R, Fr)r>os

paBHOCHIIbHA TOMY, 94To Mepa P aGcoii0THO HempepsiBHA MO OTHOIIEHNIO K Mepe P.
MNuave roBopsi, B 3TOM 4YaCTHOM CJydae

B < (P) =P <P,
AnmanormussiM 00pasoMm
Py & (P,) <P _LP.

3. Ilas Toro uTo6B chopMyaIUpPOBATH Pe3yJabTaThl HacTosAmed paborsl m 06b-
ACHUTH WX CBA3H ¢ IMPeINecTBYOIUME Pe3yabTaTaMu, BBeleM pAx obo3HadeHmii.

yers Q* = 5 (B + P, QF = Q" | 71 [ = 5 @F + PD). [l nes-

Koro 0 <C a <C oo TOJOKEM

O, a=0, 01 a:07
(1.2) a®={¢ at, I<a<<oo, a@="! at!, 0<a<<oo,
0, a= oo, 00, a= oo,

u Oymem o0Oo3HadaTh
apPr  ~ Py
Inn= Qr’ Fnn = aQr

— mpomssoansie Pagona — Hukonnma mep PR m Pf mo mepe Qf. (Beiony nanee
paccMaTpmBaioTess KOHEUHbe BapuaHTH TpomsBoiEbix Pamoma — Hukoxmma.)
Ionoxmm tarske (naa k = 1)

(13) ﬁnhzanh'?j% R-1? Enkzgnh‘z;’lk_p

YCIOBUBIINCEH CUATATD 3n9 = Fno = 1.
B nanpHedmeM CymeCTBeHHYI0 PoJab OyAyT Urpath OTHOMEHHWS IPaBO-

momobus

~

3nk
- Z =-(—-
(1 4) Bl dnk

¥ TOCTPOGHHBIE IO HHUM BeJHIUHbI
(1.5) . ank=znh-zgk_1, k>1.
Bamernm, uro B (1.4) He Bo3HWKaeT HeOUpeeJEHHOCTH BHA ©0/00; Kak

06sran0, a/0 = oo must @ > 0, a B ciiydae HEOIPEJeJeHHOCTH 0/0 mosaraem 2z,
paBHEIM T000MYy 9HCIy, HaOpUMep, /Ui OIPeJeJeHHOCTH PaBHEIM HYIIO, 9TO
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HeCYIEeCTBEHHO, MOCKOIbKY
n (s 1 on /3 n
Q (8nh=07 3nk=0)<?[Pﬂ(8nk=O)+P (5nh=0)]=0

Takum o6pasoM, z,, = up-3$r = 3ne-3%x  (Q™-mourm maBepmoe (m. m.)).
Touno rak e B (1.5) neonpenenennocts Tnma 0-oco miam oo-0 BOHEKAET JHIIE
¢ Q"-BEPOATHOCTBIO, PABHON HYJII0, MOCKOIBKY COCTOSHEA 0 W 00 ABISIOTCS IS
(Zn1)r>1 moTTOmMatommMuU; cMm. cBoiicTBO 3° B § 2.

4. Crenyromas Teopema ABJISAETCA ONHAM M3 OCHOBHHIX Pe3YJIBTATOB HACTOS-
mei crateu 1).

Teopewma 1.I.Jas mozo umobw (P*) < (P™), neobzodumo u docmamouno
00HO08peMENHOE eBNOAHEHUE caedyowur deyx ycaoeulii:

(@) lim [im P (sup a,,, > N) =0,
N n k
®  HmTm (Y Egnl() Bu— V B R 1> N) =0,

2de EQn — ycpednenue no mepe Q™.
I1. IIpu ennoanenuu (o) yeaosue (B) pasnocuavno A1060MY U3 Ycao6uii

6% lm Em P (3 7 (@, 4o < 00) (1—E™ (Y | F5_1)1=>N) =0

HIn
(B**) lim Tim P (3 B" [(1—V a2l F 41> N) =0,
N n k=1
20e E™ — ycpeonenue no mepe P".
Caencrsue 1. Iyemo P" = pt X pB X ...,P"=TL’{>< pE X ... —
MEPUL, AGAAIOUSUECH NPAMbLM NpOUIseIeHUEeM 6eposmuocmHuby mep Ha (U, FT), 20e
Q=Qpx QX ..., Fr'=Fr.71Q...

Tozda 6 ycaosuu (B) ycaosnve mamemamuuneckue oscudanus cosnadaom c besycaos-
HBLMU,

1 duy; ~ 1 dpy
=g ———=s Bu=g—n—
d Wy Ky d(py + 1)

EqnV Bun—V ) = [ (V Bon— ¥ Bz (L)

ecmb 6 mounocmu keadpam paccrmosnus Xeaaunzepa H(p}, Wy) mexcdy mepamy

Wk u g (nodpobuee cu. dasee n. 5 ¢ § 2).
s reopemsr 1 B kauecTBe YacTHOTO cayUan modyUaeM clelyIomuii pe3yabTar,
panee ycranosiaennsii Ocrepxodom u Bau Iiserom [6]: mus KOHTHUTYaJIbHOCTH

(f") <1 (P") cemeiictBa (P") m0 oTHOWEHUIO K (P™), rie xaskzas us Mep ABIAETCH

1 ajee sup osmadaer sup u lim = lim.
Y
m I<m<oo m m-oo

7%
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OpAMBIM IpoU3BeJeHMeM Mmep, HeO6XOI[I’[MO ” JOCTAaTOYHO, 97006 bI

s T P Enk o
(@) lim Tim P (s%p a >N)_0,
() , mh; H2 (up, pp) < oo.
CanegcrBue Z.HycmbP":p.'fX...Xpﬁ,f’”:;’fx...xa"

-
MepHl, ABAAIOUUECS NPAMBM Npoussedenuem seposmuocmubiz mep na (Q", Fm),
2de Q" = R™ 7" = F(R")u pnl = p", ul' = u". Ilpednoaoscum das npocmomet,

umo " u p" umeiom naommnocmu p™(x) u p™(x) no mepe Jebeea. Toeda 6 paccma-
mpueaemoti «mpeyz0ibHOli cxeme cepuii, OMeeuanuur cAYLaln He3aA6UCUMNT 00UHA-

K060 pacnpedesennvlr cayuaiinnx eeauwwuny dasn (P") < (P"), neobxodumo u docma-
mouro, umobvl OblAl GLINOAHEHBL YCA0BUS

lim lfﬂnﬁn {x P (a) = N}:O

N 7 " p"(x) el

Tmn { (V5" (@) —V 7 @) de < co.

8(_/-,8

Canencrsue 3. ITyemo npu kaxcdom n = 1 mepu P* nokaavho abeorom-

~ ~n. 10C
HO Henpepuenu omuocumeavho mep P* (o6osnavenue: P" <K P*), m. e.
Pi< Py, k=1

B amon npednoaoxceruu P(ct, -y << 00) = 1, u mozda us meopemu 1 6 Kauecmee
wacmmno020 cayuas noayuaem pesyavmamuv. pabom Heacona u I'ynou [9] u Heacona
u Memena [10] 0 mom, umo ycaosue (ox) w ycaosue

(1.6) lim Tim P (X} E" (1 —V @ | Fi-1)=N) =0
N n k=1

sieastomes, docmamounvinu das (P*) < (P™).
Cremcrnsue 4. B samevanuu 2 0ommeuaiocv, Wmo 6 mom cayiae, Kozda
na usmepumom npocmpancmee (L, F)c 6vl0eACHHBLM CeMelcmEom F = (F =1

F =o(U.Fr) sadanv dse mepur P u Pe cyscenusmu Py, = P | FruPy =P | F s
€801icmeo abcoalomHoll HenpepbueHocmu ’I_\S<< P pasnocuavro céolicmey KOHMuU2Ya1b-
nocmu (Py) <l (Py)-

~ loc

Ilpenmomosum, 9ro P < P. B asroM ciyuae yciaoBume (o) mmeer BHUJ

~

P(sgpah< o00)=1
c oy = zk-zg)_i, 7, = dPy/dPy m aBTOMAaTHYECKHU BBHIIOJIHAETCH (cM. mamee cBOM-

ctBO 5° B § 2).
ITosTomy m3 Teopemsl 1 BEHITeKaeT Kak qaCTHBIA cIydail CIeJyIOmud pe3yiab-

~ loc
tar paGors: KaGamosa, Jlnnuepa, Illnpsaesa [11]: ecau P P, mo

(1.7) P<P=P (Y EU—V @l Frn) <o) =1
k=1
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5. B cienyiomux ByX TeopeMax [aioTCsA YCJIOBHUA MOJTHOHN acHMOTOTHICCKOMH
paszieaumoctn cemeiicts mep (P") u (P™).
Teopema 2. Ilyemv evnoamneno ycaosue

) li_mﬁn(kzll(an,h_xoo)ti—E"(VE|.¢:_1>1>N)=1 VN > 0.

Toz0a (P") A (P™). o
~ (¢] ~
Canemgcrme 5. Ecau P'< P, n>1, mo P™(oty pg << 00) =
u us meopemw 2 caedyem pesyavmam pabom [9], [10]:

(18) T B (D) 11— B (V | 401 > V) =1 VN >0 (B A (P,

B teopeme 3 mpmBomATcs ycioBus, obecmedmBaromme CIOpPAaBEIIHBOCTE
mMInKanun, obpatuoit k (1.8).

~ loc
Teopema 3. IIyemv P'< P, n > 1, u ennoanens ycaosus

(o) lim Iim P" (sup o, =N)=0,
N n Rk
(8) lim li?l;"(ir’l{fankg%)zo,

T'o2da ycaosue
() TmP (Y U—E"(Vau|Fi)] > N)=1 VN>0

aeasemes Heobzodumviym w docmamounvim das mozo, umobu (P™) A (P™).
N3 reopem 1 m 3 memocpeJcTBEHHO BHITEKAIOT CIENYIOIHE MOJESHEE CJE-
CTBHA.

~ loc
Cremcreme 6. [Tyemv P*< P", n>1, u ewnoanenn ycaosus (o),
(8). Tozda

(P") < (P) <> lim Tim P (D) E*(A—V app | FP_1)=>N) =0,
(19) N n N h=1
(P A (P") <> lim P" (;1 E"(1—V anp|Fr_1) = N)=1VN>0.

~ loc
B uwactmoctm, mius caydas, pacecMOTpenHOTO B 3aMevamumm 2, mpm P < P,
yeroBuA (o) m (8) EMEIOT COOTBETCTBEHHO BWJIL

P(supay << oo)=1, P (infoy,=0)=0
R R
u cuepyoT us ycaosmit (B**) m (p). Ilosromy ms (1.9) moayuaem caemyromuit
loc
pesyabrar paborsr [11]: ecau P<o< P, mo
~ loc o2 —
Pg Pa»P(]};1 E(l—V au|Fpy) <oo)=1,

(1.10) .
P P=P(Y EU—VaF))=o)=1.

Caepmcreme 7. Ilpednososcum, 4umoj paccmampueaemcs. cumyayus
(npamozo npouseedenus mep), usiodcennHas 6 caedemeuu 1, u nycmv GLNOAHEHH,
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caedyroujue mpu Ycaosus:

~ loc

PP, n>1,

(o) limmf’“(sup Bon >N):O,
A

(1.11) A i
s T oow [ Bnr 1\
(6) th 1111lnP (I;If B <—N—) =0,
Toz2da

By < (P7) <> > H2(uf, ub) < oo,
(1.12) ) =t

(B") A (P7) <= 31 H? (uk, k) = o0
Tem cambiM B mpeamososkenusix (1.11) mmeer mecto axbrepHaTHBA:

mmGo (P?) < (PM), amGo (P™) A (P).

(Cp. ¢ amprepuarmsoii Kaxyramm; [11].)

6. IloscanM BKparme mjelo J0Ka3aTeibCTBA TeopeM 1—3, piis 9ero MOJIe3HO
CJIe/IyIOIee U3BECTHOE

Onmpenenenmne 3. CemeiictBo (E£"),>; CaydaiiHbIX Bexmynd ", 3a/an-
HeX Ha (Q7, 7™, P"), n > 1, Ha3HBACTCS ACUMNMOMULECKU PASHOMEPHO NAOM=

Hon  omuocumeavio cemeiicmea mep (P"),=; (oGosnauenme: (E", P")-naommo),
ecan

(1.13) lim lim P" (|&*] >N) =0.
N n

CoraacHo jemme 9 (cM. HEKE)

~

(1.14) (P*) < (P™) <= (sup zpp, ﬁ")—nnmno.
k

Takum 06paaoM, IoKa3aTeJbCTBO TeOPeMbl 1, JaHHOE B § 5, CBOIUTCA K OPO-
BepKe TOro, YT0 aCUMIOTOTAIECKA paBHOMepHAsA HIOTHOCTDH (sup Znh) OTHOCUATEJNb-
kR

1o cemeiictsa (P") paBmocmibna ycaosusaM (a) u (f), TaKiKe BHIPAKEHHBIM B TeP-
MAHAX ACHMITOTHIECKOIl PABHOMEDHOM IIOTHOCTH COOTBETCTBYIONINX CeMeHCTE.
Ianee, coraacuo aemme 10

~

(1.15)  (P") A (P) <> lim P (supz,,=>N)=1 VN >0.
n n

Taxum 06pa30M, JIOKa3aTeJbCTBO TeOPEeMbl 2 CBOOUTCS K YCTAHOBJIEHHUIO TOTO,
qTo

(v)=1im P* (sup z,, =>N)=1 VN =>0.
n k

JloKka3aTeIbCTBO DTOM TEOPEMBI U TEOPEeMbL 3 maercs B § 6.

B § 2 umpuBofuTcA pasiioyKeHne JleGera m PAX IIOJNE3HBIX YTBEP/KICHUI,
clefylomux u3 Hero. B wacTHOCTH, yCTAaHABIUBACTCH dopmyna mpeodpasoBaHM
YCIOBHOTO MATEMATHIECKOTO OFKUJAHMA HPH Hea0COMIOTHO HEIPEePHIBHOI 3aMeHe
mepHl (emma 3). B § 3 maiores (B mpefcKasyeMsx TepMIHAX) YCIOBHUA aCUMITO-
THYeCKO#l PABHOMEDHOM INIOTHOCTH CEeMEUCTH cyomapraaTranos. B § 4 mpusepeH
PAN XapaKTepUsamuii KOHTATYAJXBHOCTH 1 MOJTHOI acMMITOTHIECKOH pPasneinMo-
cTh.
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§ 2. Pazunoskenne JleGera

1. Ilyers (Q, ) — usmepumoe mpocrpanctso, F = (F r)r>1 — HEyObiBa-
folee ceMeicTBo o-anrebp, ¥ = ¥, =0(|J.F1); P nu P — BepoarHocTHEHIE
k

Mmepel 1 P, =P | Fy, P, = P | #r — ux cyskeHma HA Fj.
1 ~
O6oznagum Q = 3 P+P), Q. =Q | Fu,
_dPy T dik
B dQr * %R dQy
— KOHeYHBIe BAPHAHTHL COOTBETCTBYIOIMMX Hpoum3BofHHX Pamoma — Hukomgmma,
a myerh
_
3n
— OTHOmeHWs mupaspomonobus (B ciaydae wHeompememernoctn (/0 moxaraem
2z = 0; ormerum, dro Q (§h =0, 3 =0)=0).

YKaseM psf OPOCTEHMAX CBOACTB IIOCIEOBATENbHOCTEIH (3n)s  (3r)s (28),
& >=1.

1°. Ormocmrensmo meps Q mocmemoBatembHOCTH § = (300 Fr)myz =
= (3%, Fr) ABIAOTCA HEOTPUNATEIHHHIMH DPABHOMEDHO WHTEIPIPYEMBIME
mapruaranamn. Otciona BerTekaer, uro Q-, P- m P-m. m. cymecTByior TIpees sl

po=lim 3, Feo=1lim3,, Sgp3k+sgp%h<°°

ap o~ dp

8&::716, aoo=dQ.

2°. Copasemuussl pasenctsa P(inf 3, > 0) = 1, ﬁ(inf gk > 0) = 1. [eii-
R R

cTBUTeNbHO, nycth ' = inf{k > 0: 3, = 0}, nomaras T = oo, ecam 3, > 0
Juia Beex k > 0. Torma

P (inf 3, = 0) — S B0 dQ =
Rk

{int 3,0}
= | gede+ | ede= | sede=o.
{3p=0, T<<oo} {300=0, T=o0} {37=0, T<<oo}

3°. Hockonpky snavenne 0 spasercs mormomaromuy (Q-I. H.) AJIA MAPTHH-
ramoB 3 = (3, Fx) m 3 = (3n, F), 10 sHavenna 0 m oo GyIYT HOTIONIAI-
amuMa cocrossEuAME (Q-, P- u P—H. H.) QI TOCHeN0BATeIBHOCTH (Zp)p>.
4°. Q-, P- u P-u. H. cymecTByer mpenel
Ze = lim z,.

5°. CrpaBeIMBH CJAEYIOIIEE COOTHOIIECHM:

P(supz, <oo)=1, P(infz,>0)=1,
Rk 3
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I ecam l~’<<P, TO
I~’(sup z, < oo)=1.
R

IleficTBUTEIBHO,

IN’(SI}p z, << ©) = P (f;‘faih<oo)>f>(sgp§h<oo, i£f3h>0)=1

P (infz, >0) =P (inf3, > 0) = 1.
k k

2. Jlemma 1 (pasmoenme Jlebera). Ilycmv T — mapkosckuii momenm
(omnocumeavno F = (F ,)r>1). Toeda das aw6oeo muoxcecmea A€ F p

(2.1) P (4)= SzT dP + P (A {zr = o0}).
A
HoxasareaxbcTBo (cp.c [11]). [Tockoabry
1=3% 30+ (1 —3F41),
T0 nast A€EF o
22 P)={3adqQ=

A

gT Q= 5 gT [3F37 + (1 —3P31)1 dQ =
A

e _—

= [ 3r3fae0 dQ+ (31 (1—3¢3r) dQ= (59 aP+ [ (1 — s4r) dP.
A A

A A

3necy (cBoiicTBO 2°)

> 3T (p.
(2.3) 3r3f =, (P-n.m.)
n
7 ~—~ o o ~ 3T o
(2.4) 5(1—a$ar>dP—P(A,aT—0>~P(A, ¥ o),

HOCKOJIBKY ﬁ(inf ;h > 0) =1 (csoiicto 2°).

3
Wz (2.2) — (2.4) momyuaem tpeGyemoe pasmozkenue (2.1).

Cnepcrsme 1. Hyemv m — F r -usmepumas HeOmMpuyamesvHas cay-
uatinas eeaununa ¢ En << oo (E — ycpednenue no mepe P). Tozda
(2.5) En =Enzy + Enl (37 = o0).

CanemcrBume 2. I[Hyemvm — F p-UdMEpUMas HEOMPUYAMEALHASL CAY-
uatinas eeaununa maras, wmo v = 0 (P-n. n.). Toz2da

(2.6) 0 (zp < 00) =0 (P-mw. m.).
3. lemma 2. as ecarozo b > 0 cnpasedausw nepasencmea
2.7 P (infz, <b)<b, P(supz,>h)<s.

R R

HoxaszareasbcrBo. Ilyers 7 = inf{k: z, << b}, cumran T = oo,
ecim 2z, > bmpumseex k. Torma ({infz, << b} = {2, << b}. B cuay
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pasumoskenust (2.1)
P (inf z,<b) = 20 dP+ P (2, <b, 20 = 00)<b.
{z27<b)

IIycrs Temeps S = inf{k: z, > b} ¢ S = oo, ecan z, << b npu Beex k. Torga
{sup z, > b} = {25 = b} m omsarb-rarku coraacuo (2.1)

1P (sup 2, >b) =P (z5>b) =
= 3 25 dP -+ P (z>>b, zg=00)=>bP, (25> b)= bP (sup z,=>b).

25217,

4. O6osmaumm oy = 1, oy = 2y, o = 23-2, k > 2. Torna B cuary cBoii-
crBa 3° w3 m. 1
3
(2'8) Zp — n xj.
j=1
Cuenyomas JjemMMa [gaeT BajkHyl0 (OPMYJIY s BEUUCICHHA YCIOBHBIX
MaTeMaTHIeCKuX OKUAAHUI Upu HeabCONIOTHO HeNpPEepHIBHON 3aMeHe MepHI.
JdJemma 3. Hyemv 7, ={@, Q} un — F p-usmepumas neompuyameb-

nas, P-unmeepupyemas cayuwaiinas eeaununa, k= 1. Toeda (P-n. n.)

(2.9) BMIF 1oy) = 1 (g << 00) E (M0t | F y) -+ E (I (ct, — 00) |.F 1)

IlokasarTedsbcTso. 3amerum, uro upu k& = 1 (2.9) mpespamaercs
B cooTHOIEHHE (2.D).

IIycrs remepn k = 2. Pasencrso (2.9) mocrarouno [oKasaTh JHUIIb JIJIA
HEOTPHUIATENHHBX OTPAHUTICHHBX CIYYaWHBIX BeJININH 1). B 9TOM Ipenmomosxe-
Huu 0603HadnM mpasyio dacth B (2.9) wepes &. Torma pis cupasemmusoctu (2.9)
HaJ0 yCTaHOBWTH, 9TO MJIs BCAKOTO MHOMkecTBAa A € %,

(2.10) EnI (4)=EEI (4).

Nz (2.8) u croiicta 3° (m.1) caemgyer, 9To (T)—u. H.) nast Besroro k=1
(2.11) {o, << o0} ={z;, << 00}.

IloaTomy
(2.12) BEI (4) =EI (2, < 00) E (0 |7 p-y) T (4) + En (2, = o00) I (4).
B cmay (2.5)

EI (2p—1 << 00) E(Maty | F —1) I (A) =E ({ (24,4 << 00) E (ot | F 1) 1 (4) 2p—) +-
+E (U (21 < 00) E (o | F —) - T (A)- I (7 = 00)) =
=E (I (234 < 00) Moy (4) 23_y) = E (1 (24 < 00) mzpz_y 1 (A) 2p-y)-

h—
Onmpasic Ha cBoiicTBa 3° m 5°, Haxomgum, 49rto (P-m. H.)
I (241 << 0) 2327 Zpy = I (23-y << 0) 232 4 Zp-1 = 2.
IlosTomy
E (I (24 < 00) E (Mo | F ) 1 (4)) = Enz, ] (A),
W 3HAYMT,

(2.13) EET (4) = Eng,I (4) + Enl (2, = o0) I (4).
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Cornacuo (2.5)
Enz, I (A) + Byl (z, = 00) I (4)=En (4),
gro BMecte ¢ (2.13) mokasmsaer TpeOyemoe paBeHcTBO (2.10).
. ~ loc ~ ot
Caepgctame 1. Hycmb PLP, m. e. P, K Py, k=1. Toeda P (o, << 00) =
—P(z,<o0) =1 u (Pn. n.)
(2.14) E (M7 ) =B (| Fpo)y K1
(Cp. ¢ memmoit 6.6 B [16].)
Caegcreme 2. IHoaoowcum (cp. ¢ (1.3)) [30=[3~0:=1, ﬁhzgh-gj;’?_i,ﬁh=
= 3;‘-};5?_1. Snavenue 0 seasemcs (Q-, P-, P-n. H.) no2a0uyanowum co-

cmoanuem dan (¥) U ({,‘) u

k R
(2.15) =11 s 3u= 1B
=1 i=1
s (2.14) caedyem, umo umeiom mecmo ¢opmy.as
(2.16) E (.7 1) =Eq (By| F 1)  (P-n. 1)
u
(2.17) B (1.7 i) = Eo (Bs| F o) (P ).

5. lyetb @ @ p— jiBe BEPOATHOCTHHIE Mepbhl, 3aJaHHLIe HA H3MEPHMOM
IPOCTPAHCTBE.

PaccrositameM XesamHTepa (MeKILy MepaMu | U |) HA3bIBAETCsI BeAHYMHA

(2.18) H 0y=IE, (VF = VB,

re v — HeKoTopas Mepa Takasd, 4To W —l—Np, <Lv,p = dp/dv,ﬁ = dﬁ/dv n E, —
yepenHenne mo mepe v. 3mavenne H (L, [) He 3aBHCAT OT BHIOOpPA MEPHl vV, JOMH-

HEUPYIOIEN Mepy W -+ W, u SCHO, 9TO
(2.19) a2 (p, gy =2 (1— SVﬁE av).

[Iycrs temeps (2, .7 ) — mamepumoe mpocrpanctso, P u P — nse Beposr-
HOCTHEIE MEPH. B TOM cilydae, KOT[a 9TH MeDH ABIAIOTCHA IPAMBIM HPOM3BeEeHH-
eM Mmep,

(2.20) P=p, Xpuy X ..., I~’=p1><;~x2><...,

paccmoTperme paccrosmmit  Xemmmarepa H(ug, [p) MeARLY MapraHalbHBIME
MeDAMII [i;, W i OKA3HBAETCA HOJE3HBIM IPH PEmeHn: PasHo0OPasHEIX BOIPOCOB,
Kacaomuxcs cooTHomenuin mesxxy mepamum P u P (cm., Hampumep, [61, [15]).

B rtom ke caydae, korga P m P — BeposrHOCTHEIE MepH Ha (&, F ) (¢ BBHI-
nesenEEM Ha HeM HeyOmBaiomuMm cemeiictBoMm F = (F =00 Fo ={g, Q},
F = o(.7n), HE 00s3aTedbHO ABJIAIOMHUECS HOPAMBIM OPOU3BEJCHIEM Mep,
.COOTBETCTBYIOITYIO POJIH MIPAIOT TAK HA3EBAEMEIe YCIOBHEE PaccTosHUA X eJIIHH-
repa

(2.21) Hy=Eo [(V Br — VB 1 Fwal*?,
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e P u Eh ompenenensl B caefcTsuu 2 (m. 4), Q — HeKoropad Mepa, JOMHHH-
pylomas mepy P -+ P (mamee mosaraem Q = % P + T’)), k>1.

Cuenyomas jgemMma Oymer HrpaTh KIKNIEBYIO POJH NPH [J0KA3aTeJIbCTBE
yrBepsxneHus 11 Teopemsr 1.

JJemma 4. JJas kancdoeo k=1 umerom mecmo ('lv)-n. n.) caedyowue pa-
-6eHcmea:

(2.22) 31 (ney < o0) Hi=1 (tyy < 00) (1—E(V 2| Fpoy))-
HoxaszareaxscTBo. Ilyers k=1. B arom cayuae op=1 m Q-m. =H.
H=E(V5—V35 =2 (1—EV35).
‘C mpyroit croponml, o, =12z, F,={J, Q} =
— — ToN1/2 -
E(V oyl #)=EVz =E (':‘1‘) '?H=EQV3181 .
ITosTomy B cayuae k=1 pasencrBo (2.22) cuemyer oueBUIHBIM 00pa3oM.
ITycte Temeps k> 1. Ilockoabry {ay_; << oo} ={z,_; << o0} (ﬁ—n. H.), TO
_ 3k . P
<o) ={f2 <oo}=(3>0 (P n).
IToaTomy (P-m. H.)
(2.28) 51 (oyoy < 00) Hi=

1 ~ ~ .
=51 (3p-1=>0) I (244 << 00)-Eq (Br + B — 2B}/2B}/*1.T 1-1)-
Ilo caemcrBmI0 2 K ;Memme 3

EqBr|Fr-)=EU|F,_)=1 (P-u. n.),
Eo (Bul Fuoy) =B (1| Fp)=1 (P-m. m.).
"3 caepcrBus 2 x memme 1 (ﬁ-n. H.)
I (24 <) E(1|Fpy) =1 (24 < 00) =1 (otpy < 00) =1 (354 >>0).
Orciona u us (2.23) moaydaem, 410 (ﬁ—n. H.)
(2.24) 31 (otyey < 00) Hh=1I (3. > 0) (1—Eq (V BB, 7 1ct))-
C pgpyroit ¢TOpOHLI, IO CIEACTBHIO 2 K JeMMe 3 # ciaelcTBuio 2 K aemme 1
(2.25) I (ap-y < 0) E (0427 poy) = I (§r-1=>0) Eq (0} /2By | F 1) =
=1 (35-1>0) Eq (335" (Bres’ 3 DOI2 1 34 | Fet) =
= Eq (1 (51> 0) [335* (et )12 3-8 41 F o) =
= Eq (1 (31-1>>0) (3w (3t 372 )P (83 11/21 F pog) =
=1 (31> 0) Eq [V BuBal- F p-l-
Ns (2.24) m (2.25) moamydaem TpebGyemoe paBeHCTBO (2.22).
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§ 3. AcumnToTHYecCKas paBHOMEpHAasA INIOTHOCTDL JUIA eyOMapTHHIaxoB

1. Bygem mnpeamojaraTh 3aJaHHBIMH  BEPOATHOCTHBIE  IIPOCTPAHCTBA
(Q", F7, P",>y c nmotokaME F'= (F )iz, FRE Fhni S F" Fr=0(UFD),
Fi={a,Q}.

Jlemma 5. Ilyemv A™ = (A}, FRr=o,n = 1, — Heybusawue npoyecco
AOKAALHO unmeapupye.uou (ommocumeavro mep P”) sapuayui (A" € Atoc(F™, P™M)

cAr =0, An (Ah, Fr_)) — ux womnencamopwv. (m.e. A" — An npuuaa./teofcum
kaaccy A0KAAbHBX mapmunzanos o oo(F", P*) u A% = lim A}, A% = hhm A,{.
Tozda !
& (A%, P")-naommo = (A%, P™)-naommuo.
Ecau k momy e
sup E"sup (4} — A _1) << o0,
n E>1

(71]}0, P™)-naomno <> (A%, P")-naommno.

HorasaTteanctso. [lycte X = (X, Fp) nuY = (Y, Fr) — nBa
HEOTPUIATEeJBHBIX MPOTeCca C JAMCKPETHBHIM BPEMEHEM k>0, nmpuuem Y —
HeyORBAOIMMIT 1 JIOKAIBHO WHTETPHPYEMbIil, 3ajJaHHble HAa HEKOTOPOM BEPOsT-
HoctHOM mpoctpanctse (Q, F, P) ¢ meyOwBaomunm cemeiictsom o-aareop F =

= (F rr=o-

ITpepmomoskum, d9ro mpouecc X AOMUHIPYETCs Tporeccom Y B TOM CMbICIe,
aro s 00oro KoHeuHoro momenTa octanoskn T EX. < EY; [12]. Ecan npo-
necc Y ABigercs npefcKaszyembiM, T. €. Y — % p_;-U3MEPUMBI, TO CIIPaBeIINBO
mepasenctso Jlenraspa (em. [12]): mas aobeix N > 0, L > 0 u mo6oro momenrta
OCTAHOBKN T

3.1) PERX=N)< +P (Y.=1).

B cayuae, xorma Y me 00s3aTeNbHO SBISETCS IPEICKA3YEMBIM, HMeeT MecTo
mepasencTso Jlemrmsipa — PeGomreno (em. [13]): mrs mo6eix N >0, L >0
u J1000T0 MOMEHTA OCTAHOBKN T

(3.2) P(SupXk/N) N [L+Esup (Ap— A )1 +P (Y = 1).

R<T
HOGKOJIbe B YCJOBUAX JIEMMBbI I 1100070 KOHEYHOTO MOMEHTA OCTAHOBKN T

(ornocurensro F") EAT = Eff’{, 10 3 (3.1) BBIBOAHUM, 4YTO
(33) P" (AL >N) <4+ P (AL >1),
a u3 (3.2) maxomum, 410
(84)  PM(AL>N)< [L+Ersup (AR — AR_)] + P (AL >L).
W3 91X HepaBeHCTB TpedyeMble yTBEP/KIEHNS JeMMbl CIeYI0T 0UeBUIHbBIM 00pa-

30M TocJe mpuMeHenus omneparuit lim lim lim.

L N n
2. Jlemma 6. Hyemv M"™ = (M}, FE)r>o — A0KQIbHbIE MADMUHALbL
(ommuocumeavrno mep P"), M™ € oly4o(F*, P*) u

(3.5) sup E* sup| M} — ME_1|<< oo.
n k=1
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Toz20a
(3.6) (IM™, M™ o, P*)-naommno <= (sup|M}|, P*)-naommo.
R

NokasaTeXbctso. Bocrnoabsyemes: mepasencrsamm [lasmca ([17],

c. 490)

3.7) E" sup| M}| <C.E" [M*, Mz,
<t
(3.8) E" [M", M™M2 < C,E" sup| M},
R<T

CTpaBeJIHBHIMEA JJIA JI000r0 MOMeHTa ocTamoBkm T (orHocmTenbro F") ¢ ymm-
BepcastbupME KoHCTaHTaMA 0 << C; << 0o, 0 <<y < 0.
Torga m3 (3.2)

(3.9) P" (sup| ME| = N) <% {L+ CLE" sup (1M, M™A2 —[M™, M™ML2 0+
+ P ([M", M™MY2>LIC))

M AHAJOIWYHO
(3.10) P*([M™, M"o=N)<
<% {L + C,E™sup (sup| M}| — sup |M7}|)}-+P" (sup| Mj;| = L/C,).
R i<k i<kh-1 k

[Hockoabry

i<k i<kh-

sup (sup|M?| — sup |M¥|)<sup|Mi—Mg_|
1 k

u
sup ([M", M"]L/2 — (M7 M™EH2) <
h

Ssup {(LM", M"Yy (ME— MR-/ — (M, MM <sup| ME— M,
1
To B iy npeanososkenns (3.5) rpebyemoe yrsepsienne (3.0) caenyer ns mepa-
percTs (3.9) m (3.10) B pesyaprate npumenenus ouneparuii lim lim lim.
L N n
Jdemma 7. Hyeme M™ = (ME, Fi)r=0 — A0KAILHO KE6AOPAMULHO UHIE=
epupyemwe mapmunzass, (M"™ € oMio(F*, P")). Toeda

(3.11) (M™) o, P™)-naommno=-(sup| M} |, P")-naomno.
k

Ecau x tomy sxe

(3.12) sup E*sup| M} — ME_1|*> << oo,

n R

mo

(3.13) ((M™ e, P")-naomno <> (sup|Mp |, P")-naomno.

k

Jloxasareasbcrtsno. llockonpry (M™)?* momMumupyercs mnpejckasye-
MBI Tporieccom (M™y, 10 B cmay (3.1)

: L <
P (sup| MR | >N) <75 +P" (M) > L)

u (3.11) caexyer orcioia mocie TpefeabHbX mepexoaos lim lim lim.
L N n

Iaiee,
sup ([M", M™], —[M"™, M"),_y) = 51’12p|1|4;’{1 — M7%_q)2.
R
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Hoaromy B cuiry (3.12) m BTOpPOTO yTBepsKIEHHUS JeMMBI D

(3.14) ([M™, Mo, P")-naomno<=> ((M")eo, P")-naommno.
Bmecre ¢ (3.6) ato maer TpeGyemoe coormomenme (3.13).
JJemma 8. Iyemv X = (X}, F¥)r=0 — cybmapmunzas, n > 1, c
(3.15) |z <e, k=1, n>1,
ede zf=Xp—Xp_y, k>1.
Toeoa

oo

(3.16) (sup|XE|, P")-naomuo < (> E"(zf+(z})2|FP_1), P")-naomno.
3 1

h=

JlokaszaredanbcrTso. Ilocrombry X™ — cyOMapTUHTAJHI, TO
E™zp | FF_1) = 0. OGozmaunm
R
A5=0, Ap= 21 E™ (2| Fi_1), Mi=X}— A%
OueBmpno, o AR — ARy <cu | M} — M}_y | < 2¢. Caenosaressuo, M™ €

€ oMioe (F™, P").
3amernm, UTO

h
M= 2 (B (@17 1) — (B (1730 <

R

li
<X E"(@PIF]0) (=BR).
=
n ecnu obosmaunts Y = AR + sup(M7)%, to, npumensia mepasenctso [[yoGa,

i<h
IONy4YuM, 494TO
E"Y? <E™ (A7 -+ KM™),) <4E™ (A7 +- BY)

AJIA 11000T0 KOHEYHOTo MoMeHTa octaHOBKH T (orHOcuTenbHo (F", P7)). ITostomy
B cuxy (3.1)

P (Y22 N) <o+ P (AL 4 BL > L/4).

Bocnonwyemcﬂ Tenepb TeM, 4YTO
Y% 1> A%+ sup | M} | >sup | X7|.
R R

Torpma
(3.47) P (sup|XF| >N+ 1)<P" (YE>N)<+% +P" (4% BL>L/4)
k
n umminkanust <= B (3.16) camemyer oTcioma B pesyabTaTe  omepanmii

lim lim lim.
L N n
YeranoBuM Tenepb MMINIMKAIIHIO =-.
Ilockonpry s n1000r0 KOHEUHOTO MOMEHTA OCTAHOBKH T (OTHOCHTEIbHO

(F’Il’ Pn))
ErAlpr = E"XPo <E"sup | X7,
i<t

TO
E"A7 <E"sup | X7|.
<t
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Torma B cuy (3.2)
P" (452> N) <3 + Pr(sup | X7 | > 1),
P
¥ 3HAYUT,
(3.18) (sup | X¥|, P™)-mnorHo = (A%, P™)-miotno.
k

Hockompky sup | M | < sup | X} | + A™, 10
h k

(sup | X%|, P")-maorno = (sup | M} |, P")-mwrorHo.
k k
ITo memme 7
(3.19) (sup [M%|, P™)-maotno = ((M™)e, P")-mrorHo.
R

Hamxee, BY < (M™o + (AR)2,
kgi E™ (2} 4 (21)2| Fh-1) = A% + BL <AL+ (A%)2 4 (M ™),
1 MO9TOMY MMINIKanma (=-) B (3.16) cmexyer ma (3.18), (3.19).

§ 4. Xapakrepuzanus KOHTHIyaTbHOCTH H HOAHOI ACHMITOTHYECKOI PasneanMocTH

ITycrs (Q", F™) — nocaenosaTeabHOCTD U3MEepuMbIX Tpocrpancts, (P7)

u (P") — BepositHOCTHEIE MepHI Ha Q™ Fm7, n>1.
Jlevma 9. Caedyrowue yeaosus seasiomes IREUBANCHIMHBLMLL

(a) (P™) < (P");

(6) liin pr (Zpro=00)=0 u (z,,do)n>0 DABHOMEDHO UHMe2pUpYeMbl

omuocumeavro (P"):

(4.1) sup S Znoo dP*—>0, ¢— o0}
n (znw>c)

() (2005 f"")—fmomno;

(1) (s’up Zrks ﬁ”)-n./wmno.

Hoxaszareuxncrtso. DRBuBaIeHTHOCTS yeaosuit (a), (6) m (B) usse-
cTHa (cM., Hanpmmep, [5]). Beogmmoe ycaonue (r) 1 PaKT HKBUBAJEHTHOCTH ero
YCIOBHIO (a) SABIAIOTCHA, TO-BUANMOMY, HOBEIME. OKa3hBaeTCs OpPH HTOM, 9UTO
MIMEHHO PaBHOCHIBHOCTH YCJIOBHI (a) M (T) MIpaeT pemaiomyio Poib IpH J0Ka-
3aTelIbCTBE OCHOBHOW Teopemsr 1.

Jis nomHOTE MBMOKeHMs M ymoGerBa wmTaTeNst npuBeeM TOKa3aTelbCTBO
9KBHBAJIEHTHOCTH BCEX YKa3aHHBIX YeTHPeX YCJIOBHI.

(a) = (6). Iockombky P" (2,0, = o0) = 0, 10 13 YCIOBUS KOHTUTYAJIBLHOCTH
BeITEKaeT, 410 lim P" (2, = oo) = 0. Vcaopme (4.1) paBHOCHIBHO (CM. JeMMy

n
B 1. 3 paGors [5]; cp. raxxke ¢ memmoit 2 ma c. 206 B [17]) caemyomum nBym
YCIOBUAM:

(4.2) sup g Zpeo AP™ << 00,
" %
(4.3) P"(A") >0, A€ Fr= S Zpoo dP™ = ().

A n
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N3 pasnosxenus JleGera
S Zyoo AP P (AM) <1
A'n
Orcrona odesnmusiM 06pasoM Clefyer BHIOIHEMOCTH ycaosmil (4.2) u (4.3),
TIOCKOJIBKY B CHJIy KOHTHTYalbHOCTI
P" (A" -0, A"€F"=- P"(4")—0.
(6) = (B). B cuny pasmosenus JleGera
P (2,00 > N) = \ Znoo AP+ PP (2,0 = 0).
{2 00>N}
Torga na yciaosus (6)
Tim P* (2,0 >N ) —Tim S Zpeo AP* 0, N — oo,
n n >N

9TO0 M JlOKas3eiBaeT (B).
(8) = (a). 3 ycaosusa () Beitexraer, 4ro mist & > (0 mokuo Haittu N n n,

TaKme, 4TO IS BCSIKOTO N = N, l;"(znm > N) < ¢/2. Torga
B (A" =P (A" () {20 SNY) + B (A7 N (200> NP <
< | edP B (> NS NP (A7) 462,
A"ﬁ{z noo<< N}
n ecan P*(A") — 0, 1o lim I;”(A”) < ¢/2. B cumany upomssoasHOCTH £ >

n
0TCI0fla clefyeT yciaosue (a).
(B) <= (r). CipaBeimBOCTh ATHX NMINIHKATIUIL CJIEYeT OUeBHIHBIM 00pasoM
U3 CHelyIONnnX HepPaBeHCTB:

~ ~ - L ~
(4.4) P" (2,00 >N)<P"(S}1p Znn = N)S 5 + P (20 =>1).
R
Jlesoe mepasemcTBO oOueBmmHO. [l JOKa3aTENBCTBA TPABOTO BOCHOJB3YEMCS
pasanoskennem JleGera. Torga
P" (sup z,, =>N) =
A

. S Zio0 dp -+ Pn (sup z,p, =N, Zp00=00)=
{Sll:p znk>N) k

= | zpedPr 1P (zpe0=00) =

{S;;p 2, =N}

= { Zpoo AP - ! Znoo AP - P (2,00 = 00) <
(sup 2 >N, 200>L) (sUp 27, =N, 2p00<L}
R
(-4
< S Zpo0 AP L, S AP 1+ P (2,00 — 00) =
{Znoo>L} sup 2, >N}

=P" (3,0 L)+ LP" (sup 2,;, > N),
k

roe mo semme 2 P*(sup z,, = N) << 1/N.
R
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Tem campiv mpasoe mepasenctso s (4.4) rakke morasamo.
Jlevwma 10. Caedyowue yeaosus:

(a) (B™) a (P7);

(6) Im P (z,0>N)=1 VYN>0;

(B) Iim P (sup z,, >N)=1 VN >0
n I3

ABAAOMCS IKBUBANCHIMHBIMIL.

Hokazarenscrso pasHocHIBHOCTH yeaosuii (a) u (6) Oyaer caegosarts pabGore

[10]. (a) = (6). B coorsercTBun ¢ ompenenenuem 2 § 1 Haiigyres moxmocienona-
TeJABHOCTD (r') m MHOKecTBA A™ € Fn! TaKme, 4T0

(4.5) Lim P" (A™)=0 u lim P" (4™)=1.
Torna B cuny pasmoskenus JleGera
PY (4") = \ Znroo AP™ - B (A" ({2000 > L)) <

A" Nz 00<L}

SLPY (A™) - P (2000 > L).
Buyecte ¢ (4.5) orciona Britekaer, uro lirnNP"'(zn,oo > L)
mecro (0).

(6) = (a). U3 copasemiusoctu (0) cmenyer, uto maiimercs IO IIOCJIe IO BA-
TeIbHOCTH (ny) TaKasy, 94T0 ny, << Npyq |

= 1, u 3maunT, umeer

P™ (2, 0> k) >1—1/k.

Tar uro
lim P (2, 0 > k) = 1.
h—>oo
B 10 ke Bpems Pnh(z”k"" > k) < E"hznkw/k < 1/k. Ilostomy lim Pa(z 00 >

h—oo

> k) =0, u caegosarennHo, (ﬁ") A (PP,

(0) -=> (). Nmnuaukanus (6) = (B) ouenumma.

Hluss  morasarennersa
(8) = (6) samernm, uwrt0 Ccorsacuo (4.4)

~ L ~
Pn(Sll{lpan>N) < T+Pn(znm>l’)'
n 3HAYUT, Aas Jodoro L > ()
lim P" (200> L) <1_§—>1, N - co.
§ 5. JlokazareaseTo Teopempr 1

1. Haumem ¢ mokasaremxncrsa BTOPOIl YacTH TEOPEeMHI, T. e.
TIpA BBIIOJHEHNN YCTOBUS (o) MMEIOT MECTO WMMILTHKAIHE

Gy (B) <> (8*)

IIOKaskeM, 49To

(5.2) (B) <= (p**).

8  Vcnexu marem. HAayK, T. 37, Bbille 6
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(B) = (p*). Cormacuo memme 4
L T < 00) Egn 1V B =V Bon)? | P81 =

=1 (0, oy < 00) (1—E"(V Cnp, | FR_1))-

[Toaromy (B) = (p*).

ITycrp teueps suimoaneno yeaosue (o). Iloramem, uro torna

(p*) = (B). Ilycrsp &, — HeorpumarteldbHble ciydaiinsie Beamdnnsl. Tornma
mis Besikux L >0 u N >0

(5:3) Pr( D En>N) =P (3 1 (o, 1y < 00) & = N,y sup oy < 00) +

<§"( ji I (o, gy << o0) gnk>N) + f’n (S}:P Gnp=L).

Orcioma Tpedyemas nummuukanus (B*) = (B) ciaemyer (¢ yuerom (o)) B pe-

gyaprare TpefeabHpx mepexofos lim lim lim, ecam momomnts &, =
L N n

— Eon [(V Bun — V Bun)? | F3l.

Urak, (5.1) moxasano.
(B) = (p**). fcmo, uro

(5.4) I (atn, 41 < 00) E" (1 —V cnp)? | Fh-1) =
=21 (0tn, ot << 0) {1 —E™ (V 0tnpe| Fr-1)} — 21 (0, oy < 00) +
+ 1 (G, gy < 00) E(L|Fh-1) +1 (0n, py < 00) E® (0 x| FRi-1)-
Uz (2.9) ¢ n=1 caexyer, uTo Prm. u.
(5.5) I (an, 5oy < 00) E™ (aty, 4| Fh-1) =1 —P" (ctn, = 0| FF-1),
a ms (2.6) ¢ n=E"(1|#%-1)—1 caenyer, 4To Pr-n. n.
(5.6) I (ap, gy < 00) E"(1]|F5_1) =1 (0tg, p-y < ).
ITosromy m3 (5.4) — (5.6) HaxogumM, 4TO Prom. m.
(5.7) T (ctn, oy << 0) E" (1 — Votn )2 F 1) =
=21 (g, oy < 90) {1 —E* (V et | Fho1)} — I (0n, g << 00) +
=B (e, = 00| Fhmt) = 21 (cn, -t < 00) {1 —E" (VV @l FR-1)} +
+1 (otn, oy = 00) — P (et = 00| Fi-1).

Ilockoabky (B)=-(p*) m BEimosnmeno! yciaosme (@), To B cmiay (9.3) mocra-
TOUHO JUIIb IIOKAa3aTh, 4TO s Jioboro L >1

(5.8) () = Tim P (3] 1 (ot = 00)=>L)=0
G h=1

(5.9) (o) = Tim P ( 2] P" (= o0 | F41) >L) = 0.
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Ho nocronnry

{S’llpOth> N}=[IZI I(anh>N)>1} = {IEI I(Ol,nk=00)>1},

TO B Cculy ycloBus (o)
L )

Tim P () T (= 00)=>1)<Tim P" (sup > N) >0, N - o0
n n=1 n k

u, B 9acTHOCTH, us1 jioboro L=>1 cumpasemruso coornomenme (5.8).
Haxomern, us (3.4)

~7l N NTL aZn k L 1 | ~n -
P (3 Pram=ool 7p_) >N ) <L B (3 T (o =o0) > L).
k=1 h=1
Orciona m m3 (5.8) caenyer (5.9).
(B**)= (B*). Vs (B**) Bmreraer, uro

Orcioma cBoitctso (B*) caenyer us (5.7) m coornomiennit (5.8) u (5.9), BRIDOJ-
HAEMBIX IPH YCIOBHU (o).

Nrar, (B)=-(p**)=-(B*)=-(B), uTo nOKasBHIBaeT (B mpennonoxenun (o))
CIPaBeIMBOCTL MMIIMKAHIL (D.2).

2. Ilepeiimem K mokasaTenbeTBY TIepBOii yacTum TEOPeMHI.

Hocrarouamocrs B cmry memmsr 9 majno MOKa3aTh, 4TO

(5.10) (@), (B)=>(sup zn, ﬁ")—nnomo.
k
C aroit meabio I BCAKOTO ¢ == 1 BBeem byurmuo
z < ¢,
u® (z) = { R
csignz, |z|>c

A MHOJKECTBA
n={sup o,p<<e} ) {inf a,, > ).
k k

O6o3maunm TakiKe
R

(511) X%I{’:Z Ue (IHOL,U-)

n OTMeTHnM, 4YTO

h
X%h-IAn= (Ei In oc,,j} '[A" =(In znk)-IA,,

Hosromy pua N > 1
(5.12)  {supz,, >N} ={sup |Xsn| >1In N} U {Q\ A7) =
k k

= {s’:lplX"llkl >1H /\"} U {Sup ank>ec} U {lnf ankge_c}
k k
N AaHaJOTMYHO
(5.13) {SLIIPIXJ;;{ >1nN}‘_=_{SEp]1n Znp| =10 N} U{QN A} =

. 1 .
——-{S)Up ZHR>N} U {lr;f an< Vv } U {S}lp ank>ec} U {Hllf ankge_c}'
h 1 ‘ R R
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U3 (5.12) u ycaosus (o) B pedyabraTe omepanun lim lim lim Haxomum, 4T0
c N n

Tim Tim B (sup 2,, > N)
.y

(5.14) lim lim
N n
< lim Tim Tim P" (sup |X5,|>1n V) +Tim lim P"(mfocnh
N n k c n

ITorkasxkem, 4TO
(@), (B)=-1lim lim P (inf o, <e ™) =
n kR

(5.15)
(1—a,}f/2)2 umeem iﬁ"—u.n)

3 meMMbr 3 ¢ 1)
En (1 —am®P2IF ) =T (e, jg < 00) B (1=V am 2| 7 2_y) +
+,13 (OLnk——OOI—/ 1) "_](an h— 1<00)P(an k ——0| fk—-i)o
Tockonbry (@), (B)==(p**) u (x)=-(5.9), To
(5.16) (Z E" ( (1 —o-1/2)8| F1 1), P™)-mroTHo.
h=1

Orciofa mo JjeMme o
o0 ~
(2] (1 —a; 1?2, P")-naotuo.

(5.17)
Jlamee, g N
2 (any SUN) (N*

=>1
12 ¥ T (o <U/N) (1—oa 22 D) (1 —agli?)z
k=1

K=1
® 3HAYHT,
P () 1 (@ <t/N)>L WP —1)2) <P (Y (1 —an')?2>L)
E=1 =1
IMomarass L = (N'? — 1), orcioma u u3 (5.17) mocie mpejenpHOro mepexona

lim lim mosyuaewm
N n
(5.18)
Ho {mf anr < 1/N} —{V I (o, <1/N) =
h

Wrax, B mpasoii yactTu HepaseHcTsa (5.14) mociennee ciaraeMoe paBHO HYJIIO.

H 1TIHI3"( f§] I (0 S1/IN)=>1) =0
}. [Tosromy tpebyemasa HMILIN-

Kalus (5 15) caepyer us (5.18).
N)=0,

Veranosun temepb, dUTO
(5.19) (@), (B)=-1im lim P" (sup | Xx|
N n 3
=1

mHAYe TOBOPHA, IMoKaykem, 4to mias V¢
(@), (B) = (sup [ Xl IN’") JTI0THO
k

(XSr, F 1) ormocurTeabHo Meper P*

ITokasxem, uto mas V ¢ > 1
gBIsIeTCs cyOMapTHHTamoM, n => 1, VIS 9ero jocTaTovHO MOKazath, 9r0 (P"-m.H )

(5.20) E" (u, (In ay;)| 7 5-1)=0
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[To nemme 3 (ﬁ"-n.ﬂ.)
(5.21) E™ (u, (In a,)| . 71— y) =
=1 (aty, j-4 < 00) B (0t it (I 0 )| F 7 1) P (at; = 00| FJy).
3amernm, uro xu,(Inz)>=z—1 upn z>0. IlosTomy (f’"—n.H.)
(5.22) I (ay, j.4 << o0)E™(a,;u, (In ) FP ) >
=1 (ay, j-4 <o) E"(0n; — 1 .Fi-1) (=Jny)-
Brops mpumensist semmy 3 u caenersume 2 k aemme 1, maxommy, uto PUom. .
(5.23) Tuj=1—=P" (= 00| Fi_1) =1 (0t ;-4 < 00) =
=1 (o, j1= °°)“'1~)" (0tnj= 00| Fi-1).
Us (5.21)—(5.23) caeayer, uro P-i.m. i
E" (u (In aty )| F3-1) = 1(0ty, 5oy = 00) + (e —1) P (@t = 00| FJ- 1) = 0,
MOCKOJBRY ¢>=1.

Nrax, X" = (X5, F}) ornocurennno mepni P" apasercs cyﬁmaannraJIOM
¢ | Xon— X5, h_y] <<2c. Torma coraacuo nemme 8 u3 §3 (sup | Xkl Pn) -IJIOTHO

TOTJIa U TOJLKO TOIJa, KOTJA
( E” (ue (In 0ty j) + ue (In @y ;) LF7-1), P")-motHo.

N3 nemmur 3(1’"—11.1{.)
(5.24) Lny=E"(u,(In )+ ud (In oy )| 71 1) =
=TI (o, joy << 0) E* (ap it (In ;) + oy ud (Inay;) |7 51) +
+ (e 463 B (= 0| F1).
C yuerom (5.22) um (5.23) orciofia modyuaem, uTo
(5.25) Lpj=1(ay, j- < 00) E™ (ot uc (In oy ;) 4 00 w2 (In @y ;) +
14—t F 1)+ e+ ¢d) P (= 00| FFoy) —

— 1T (o, 4 << 00)+1—Pn (e 3= 00| Fi_4)-
Bocnosnayemes Teneph Tem, 4To 1A Besxoro x>0
(0.26) a(c)(1—z'2)2<au, (Inz) + aul (Inz) +1—2<<A (c) (1 — z1/2)2,

rjae a(c) m A(c)—HEKOTOphie MOJO/KUTeNbHbIe KOHCTAHTHI. TO0Trja

Lyy<A(e) I (0, joq << 00) E* (1 —abi®)2| F T 1) +

T (o, joy = 00) +[(c—1) +¢2] P" (ot,,; = 00| 71 1)

U 3HAYWT,
o o}

(5-27) 2, Loy <SAEE+E A+ [(c— 1) + 28,
i=1
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T7e
g;’ :]Zi I (CLn‘ j—1 < OO) E" ((1 _a;;_‘_’)zlv;]{l_l)’
(5.28) By = 21 (o, jo1 =),
=
g = JP" (an; = 00| F 1)
o
fleno, uaro
Dn . o~ 7 Pn n N H
P (21 Ly; =N )<P (§l>3A(c) )*
j=
~n 7 N \ ~ N N
> n n . - N
+B (8 =g )+ (82> 5=ty ) -
MMockoabky (a), (P)=-(P**), To
TP (e~ NV )
lim Tm P (&> 30 ) =0,

u B caay (9.8), (5.9)
T N
34 (c)

n
111131 lilzl ﬁ”( ! ——N—):O.

J=0,

S N [y

CJiejoBaTeJIbHO,
(21 Ly, ﬁ")-nnomo,
a BHAYMUT, (S}1p|X;k|, ﬁ")-mlomo, YTO U JIOKasblBaeT JI0CTATOYHOCTH YCJIOBHH
]
(@), (B) AasA KOHTHUTYaJIbLHOCTH (f’“)q(P"),

3. HeoGxopumoctsn. Ilyers (P*) < (P"). Ilokasem mpe;kie Bcero, 9To
TOrja mMeer MecTo (o), T.e. UTO

(5.29) (f)”) < (P") == (sup oy P")-mwrormo.
k

Corsacmo cpoiictBy o° u3 §2 (P"-m.m.)

(5:30) oy = T (SUP 2y << 00) + oy ] (SUP Zpy = 00).

Mosromy maa mwbsix N >0, L>0, b=>0

Sup zZpk
)k
{supa,, =N} = {W =N, supz,, < oo} U
" k nh k

U {SEP =N, SIUP = {iuP Znp =N ill_lf Znn} U {iuP Zpp=L} =
- ({S}}p zn{h>N igf Fnks ir;f Zu <O} U {‘SII{IP Zan =LY U
U ((sup 20 >N inf 2, 01208 > 8} U fsup 2, >L)) =
E{i;lfznkgb} U {sgpznh>L} U {sgpznh>Nb}
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U, 3HAYUT,
P (sup apn 3> N) <P (inf 2, <)+ P (sup 2,4 > L) + P (sup 2, > N0).
Rk k k h

Orcioma B cmay »KBHBaJeHTHOCTH yTBep:kfeHuit (a) m (r) sgemmm 9
U JIeMMBl 2 TOJydYaem

lim Tim P (sup o, > N) <b-+ lim P (sup z,,>L) — 0,
N n k n k

b—>0, L — oo.
Uraxk, (5.29) mokasauo.

B cury (5.30) mas mobwix N >0, L >0, b>0 (5"—1].}1.)

(5.31) {1nfocnk<7} [

1nf Znk
<T » SUP Zpp << °°} U
Rk

SUp znp
U {ir)llf anh<7 s sup Bk = oo} =
SV infzun<Ssup zan} U {supzan=>L) =
= {Nb<sup Zpky ir;f Zor >0} UA{N i’r:f znhgsup Znin ir;f Z,n<<b} U
U {S'ip Zpp=Ll} = {Nbgsukp Zun) U {if’tf 2 B} U {Suhp Znr=> LY.
CJe10BaTeIBHO,

B (inf @ < ) P (sup 2pn > Nb) + B (inf 2 <b) + P (sup 20> ).
ITo nemme 2 l;"(inf Zop<<b)< 6. lloaTomy, mpuHmMas BO BHHUMaHHE OKBHBA-
JIEHTHOCTH yTBepx?ueHnﬁ (a) m (r) memMer 9, mMeeMm

(5.32) lim [Im P* (inf oy < 5 ) <Tim B (sup 2,0 > L) +b — 0,

L — o0, b—0,

OGpaTEMCH Telepb K [JOKa3aTeJbCTBY MMIIJIMKAAN

(P < (P) = (B)-
B cuany (5.13)

(5.33) P (sup | Xsa|=1n N)<P" (sup 2,4 =>N) + P ((int znkgﬁ) +
k )3 k
+pr (sup Opn=¢€°)+ pr (info,p<<e™).
k

I3 (5.29) lim lim pr (sup Opp=>€)=0. Us aemmbr 2 Iim lim P" (infznh <

c»00 7 N n
<—) 0; m3 aemmbr 9 lim hm pr (sup Zyp=>N)=0; m3 (5.32) lim lim P %
N c>®© n

(1nf opr<<e®)=0. HoaTOMy B pesyJbTaTe MpejlebHOr0 mepexofa lim lim lim

c+o00 N n
n3 (5 33) HaxommM, uTO

(5.34) lim Tim Tim P (sup|X5,|>>1n N) =
c N n k
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Orcioma m u3 aemMer 8 BriTewaer, uTo

—_— — — A

(5.35) lim lim lim P* (3 L,; > N)=0.
c N n =1

o amamorum ¢ (5.27) m3 (5.25) = (5.26) caenyer omenka

(o]

(5.36) ;JlLnj>a(c)§r+§g+[(c—1>+c21&;', c>1,

rue £, & m EP samaiorca dopmymamu (5.28).
N3 (5.36)

(5.37) tnat (o) ] g Loy 4+ 8+ (e —1) -2 71

Us (5.29) m (5.8) mmirexaer, uro ((£2), P")-maotmo, a ms (5.29) m (5.9) cie-

ayer, 4to ((&r), f")-nno'mo. Bmecre ¢ (5.35) ms (5.37) moaywaem, uro mo-
ckoabKy inf a (¢) >0

c=1

(5.38) (P") < (P") = ((&"), P")-muorso.
Orciona m us omenkm (5.3), TPUMEHEHHOH K Enh=E’l((1—a;ﬁ2)2|.‘f;’§_1),

HaxoAmM, uT0 coraacuo (5.2) m (5.29) (P) (P™) = (B**) <> (B).
Teopema 1 nokaasma.

§ 6. /lokazareaneTso Teopem 2 u 3

1. JlokasareianctBo Teopemsr 2 ommpaeTcs Ha claefyouprii obmmit garT
(memma 11).

yers (Q, #, P) — BepPOATHOCTHOE IPOCTPAHCTBO C BBHIICTCHHBIM HA HOM
HeyOpBaomuM cemeiictBoM o-aire6p F = (Frr=0» Fo={T, Q}, m nmycrs
(Yr)r>1 — F-coriacoBaHHas IOCIETOBATETHHOCTD CHAYIARHBIX BEJUUMH CO BHA-
dernamu B [0, oo], mrs Koropoii cocrosiEms 0 M 0o ABIAIOTCA MOTIOMANIIIMI,
T. €. Yp — Fp-usmepumsl, v, =0 ma {y; =0} mpm k >; u y, = oo Ha
{v; = oo} upu k > j (P-m. n.).

IMomoskum

k

k
T =],[_[1 Yi» ar=E ¥ |F ), Ak=j£li aj, E>1.

Jdemma 11. Ecau Ey, <1 u E(y: | Froy) <1 (P-n. n.), k=2, mo
nocaedosamenvrocmv I' = (I'y)p>, donyckaem mysvmunauramuenoe pasaoicerue

(6.1) Ty = Ay Sy,

ede A = (Ap, Fr)rz1 — Heéospacmaiowas nocaedosamesvrocmv Fy_y-use-
pumunx caywainnr sesuiun Ay, a S = (S, Fp)p=, — Heompuyamevrwii cynep-
mapmunzas ¢ ES, < 1.
Ipu smom (P-n. n.) cywecmeyem npedea T'eo = lim 'y u das arwbuvx a > 0,
n

b>0
(6.2) P(Fw>a)<§+P(Aw>b).
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Hlloxaszarenxsncrso. [lokaskem, 9ro s moayuenns npeacTaBIeHIs
R

(6.1) mommo momosmurs S, = || y;a&P, The, HamOMHUM,
i=1

0, a=0,
af=< a?, 0<a<<oo,
0, @ == 0o

C 9TOil TeJBI0 TOCTATOYHO TMOKa3aTh, 4TO

(6.3) v;i=vata; (P-n. m.).

[Tockombry y; = y]-a?aj (P-mi. ®.), 10 cxemyer Jumb YCTAHOBUTEH, UTO

&)
Ey;=Ey;aja;.
Ho Ey; = Ea; u, ¢ npyroii croponsi,
Ey,af’a;=E[afa;E (v;| 7 ;)] = Eafaja;— Eay,

qT0 1 pokaswiBaer (6.3).

Hoxraskem remepsn, uro S = (S, Fj) — cynepmaprunrai. [leiicTBurenanno,
nmeem (P-m. m.)

E(Sy | 1) =8,E (Yhak | F u-t) = Sp- 1ak ap<Sp_;-
Haxee, ES; = a,aP <1, n suauur, ES, < 1.
Wssectno, uro meorpurareabusiii cynepmaprunran exogures (P-m. m.) K Ko-
neuHomy npeeay. looromy cymecrsyer (P-um. n.) npegen S = lim S, n ES, <<

n
< 1.
3amerum remepn, urto 0 << Ay = a; <1 nw Ay < Ay (P-n. u.). Buaunr,
cyluecrtsyer npefed A, = lim A, =0 u, caeposaresnsno, (P-m. m.) cymecrsyer

npejen 'y = 11m I'y 8 T'eo = A" S

Yeranosum oueH}cy (6.2).
Jloast mo6eix @ > 0, b > 0 numeem

Foza}={To>a, Se <} U{T=>0, Su>2) =

{ Am>a}U{S ,i}:{A >b}U{é > }
CiaenosaTelinbHo,

P (Fo>a)<P (Aw \b)+P( >3).

Tpedyemas onenka (6.2) caeqyer oTciofa, €CJau TOIBKO 3aMETUTH, UTO

P(Soo>:)x Esw\j.

¢ - -
2. loxaszareabctno TeopeMs 2. [lomomuM y,, = otyp’? 1 MOKasKeM,
a0

E" (o | Fro)<<t (Prm. m.), k>1.
ITo memme 3 (T’”—H. H.)
E" (i’ | Fho1) = T (o, oy < 00) ™ (cnf? | Fh-1),

a 1o iemme 4 (ﬁ”—n. H.)

I (0, oy < 0) (1 —E" (o’ | Fii-1))>0.
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IToaromy (ﬁ"-n.n.) E" (ocn“ | Fr-1)<1, k=1. llpumensns nemmy 11, maxo-
AWM, 9TO

Bzt a)< 2+ B H I (ctn, ot < 00) E" (af? | F1-1) D).
k=1

Bosbmem B aTOM HepaBeHCTBe 0<<b<<1. Torpa

6.4  Ppr (znw> 2)

(1——)_ (i In (1 (cty, 5oy << 00) E™ (0l | .¢:_1)1>1nb),

ITockonvry Inaz<lz—1, >0 u, 3nagur,

In (1 (0, oy < 00) E™ (onf® | FRot)1 T (0, 5oy < 00) B (o’ | Frio1) — 1<

< (0, oy < ) [E™ (anft | Fiio1) — 11,

To u3 (6.4) HaxoguM, UTO

ﬁn(znt>0>'ai_2)>

= (1= L) =B (D1 (o, jey < 00) 1 — E" (@nf? | FR_0)]<In ).

h=1

Coraracuo yc.noxsmo (y) mias modoro 0<<b<1

Tim P( 2 I (at, poy < 00) [1 —E" (anf’ | F7-0)]<In ) =0,
h=1

IToaTomy
l—iaf’"(znw> )>1 %,
<

1

U 3HA4YUT, B cuiay mpousBoiabHocTH 0 < b
: n 1y
lim P (Zn°° = a—2} =
n
910 B cmiay JemMmbl 10 pasHOCHMIBHO TOMYy, uto (P™) A (P™),

3.J_lOKaBaTeJIbCTBO caemcrsusa o llockoabry Pi(z,), = ) =
= 0 (cBoiicTBo 5° 3 § 2) u Pr <Py o1

P" (0t = 00) = P (st = 00) = Pf (2, = 00) = 0

1 (1.8) caegyer HEHOCPEJICTBEHHO W3 YTBEPHKACHHS TEOPeMbl 2.

4. ]loxasareabcrBo reopems 3. To, 910 ycaosue (p) ABIALT-
ca pocraTouHbiM (0e3 ycaosuit () m (D)), OBLIO yCTAHOBIEHO B CJIEICTBIU O
K Teopeme 2.

Ilokaskem remepnb, UTO

(@), (8), (P") A(P")=(p).
B cnay memmsr 10 910 paBHOCMIBHO JA0Ka3aTelIbCTBY TOTO, 4TO

6.5) (@), (8), TmP(supz,,=N)=1 VN >0=(p).
n k
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B coorserctBunm ¢ (5.12) mis N =1, c > 1

{sup 2, =>N} = {sup | Xan | =10 N} U {sup otpy =€} U {inf ornp €™
k k
[ToaTomy

(6.6) lun pr (sup | X5n |=1In N)>

>1—Eﬁf>n (sup ank>ec)—m§" (inf o, <L e7™).
n k n R

Orciona B cmiy yeaosmit (o), (8) maxommm, uro pmas seskoro N>=>1 m e >0
paiierca ¢ =c (¢) 2= 1 raxoe, uTO

hrnP"(sup]X |=In N)>1—ce.

Coraacuo (3.17) ¢ N >e

6.7) B (sup | Xin |=>1n V)< 22
k

) —{-P"(Al,‘o—i—B >2 LA (c)),
rne AL u B} onmpejeixeHst B JoKasareabcTse JeMmel 8 B § 3, L >0,
0 << A (c) << oo ompeneseno B (5.26).

Ns (6.6) m (6.7)

(6.8) Tim P (AL + BL>2 LA () >1 — 2240

wy—r >t —& Noee

Ilanee, HA MHOKECTBE {SUp &, << co} u3 (H.26) HaxomUM
Rk

AL 4 Bl= 2 B [0l (In alny) + ctppts (Inatny) | Frioi]=

h=

-

8

= 3 E" [ctpptte (In ) + iz (10 o) 4 =ty | FE-11<

<A(c) 2 }371[(1_05“2)2|3-r;:_11=2A(c)§1 [1—E" @2 | #Fr_0)l.

Bwmecre ¢ (6.8) m B cmiry (a) oTcioma ciejmyer, UTO

hmpn(2[1_.1371(@“2 2_1)]>L)>1—e.

r—1
B cumiy wnpomssoabnoctm L W & 5TO JokaseiBaeT, uTOo mW3 ycuaosuii (a), (9),

(T’")A(P") BeiTeKaeT ycaosue (p). Teopema morasama.
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§1. Introduction. Statement of the main results

Let (Q*, Fm™),5, be a sequence of measurable spaces, and let P* and P,
be probability measures on (Q7, M, n =

Definition 1 ([1]-[6]). A sequence of probability measurcs Aw:_vaw. is said

to be contiguous to a sequence of probability measures (P"),~., (notaticn:

=

Q..J < (P) if for every scquence of measurable sets (. Mas1 With A" ¢ n
(1.1) Lim P (A7) == 0 == lim P (A7) =0,

Definition 2 ([7]1-[10]). Two sequences of probability measures Q«,J;w;
and (P"), >, are said to be entirely asymptotically separating (notation:

Qaz_v A (P™) if there exists a subsequence (2") and measurable sets 47 S

such that simultancously lim PY(A™) = 0and lim PY(4"") = 1
n’ P L

Note 1. In the special case when (Qr, F™) = (R, F)and P" = p, P~ =P,

that is, when the sequences of measurable spaces and probability measures in

question do not depend on n, the property of contiguity is the same as the

property of absolute continuity (P < P) of P relative to P and the property
of entire asymptotic separation indicates the singularity (P 1 P) of P and P.
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2.. Throughout what follows we assume that for every n > | together with
ﬁrm measurable spaces (Q", ™) we are given Ea:_._\mm of q-m_mmcqmm
F* = (FM)rso such that 77 = {@, Q}, Fh m&* .w+_2m fq\“.m:a
Fr = o(UF1). We write PR = P" | #} and PR = P" | #% for the
[

P an
restrictions of the probability measures P* and P" to the g-algebra FF.
Note 2. Suppose that on (Q, &) there are given two probability measures P
and P. Let F = (F n)nso be a family of o-algebras, F o= A&z. Q},

FrS Frpncs F, F=0o(UFn, and Py =P | Fx, P = P |5 Then

W .
the contiguity of the family Amrrwa to (Pu)r >0» q.ommana on (R, .ﬂcww.m. is
equivalent to P being absolutely continuous relative to P. In other words, in
this particular case

(P,) < (P,) =P P.
Similarly, ~

(Py) & (P)<=P_LP.
3. To state the results of this paper and to discuss their connection with
carlier results we now introduce some notation.

~ - * ~
Let Q= L@+ P, Q¢ = |7} [ =5 (Fr + PP)). Forevery

0<a < o we set

0 if a=0 0 ifa=0
(1.2) a®?={ a'if 0<<a<<oo = atifl<a<<o
0 if a= oo, oo if a= o0,
and we write
arr o~ dpp

w:w”mpn. Jnw = mon

for the Radon-Nikodym derivatives of the measures n. and P7 relative to Qf.
(Throughout what follows we only consider finite versions of the Radon-
Nikodym derivatives.)

We also set (for £ 2 1)

A»wv m-;"m:w.wm R-1? nap”mar.wmwnlf

assuming that 3no == 3, = 1. o )
A central role in what follows is played by the likelihood ratio

3nk
dnk

(1.4) Zop=
and the quantities constructed from them

(1.5) G =Znp22 4y k=10
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Observe that in (1.4) the undetermined form oofoo does not arise; as usual
a/0 =< fora >0, and in the case of 0/0 we sect Z,, €qual to an arbitrary
number, for example 0, whicl is immaterial, because

Q* G =00  3uu=0) <5 [P" (5pp = 0) 4 P" (3, = 0)] =O0.

?Cw, Znp = 3nrs38r = 3nn-3%a (Q7-almost surely). Just as in (1.5), an
indeterminate expression of the type 0¢c0 or e0+0 can occur only with
Q"-probability zero, because the states 0 and o 'bi

; : F are a z
g bsorbing for (z,) x>,

b

4. The following theorem is one of the main results of the present paper.

Theorem _.. L. For (P™) < (P™) to hold it is necessary and sufficient that
the following two conditions are satisfied:

(@) lim Iim P" (sup ap=N)=0,
N n k :
B UmTm P (Y Egnl(V Bun—V B2l 77113 N) =0,

where _uo= denotes the expecration relative to Q.
Il If («) holds, then (B) is equivalent to

- ~

B*) dm AP (Y T (o, 0 <o) =B ( | 77-1) 15 N) =0,

n

or

** .(l.f. /“r, .: 41: .
av tan bim P 2 B [(f =V a2 FRoal M) =0

.
where E™ denotes the expectation relative to P

) . ) no_. ,n n pn — 77 o] ;
Ce ww\\mc‘ _.. M:EE.? thar P* = uft x pf x .., P" = p x u% x ... are direct
products of probability measures on (On, 77, where

» o N i = SR TR
Q=0p Qi ..., F"=s1Q0.719...

Then in (B) the conditional mathematical expectations are the same as the
unconditional ones, .

ot duj ~ q du)
:»rv.vrﬂlljﬂ_l.w w..:r”l.q.l| ~ ,
d Wy = od(ny W

and

! n

Egn(V = o) = | 0V a1 o (21140

)

is EQ.N..R\.\M the square of the Hellinger distance H(IRE, ul) between the
measures @1y and pi (for details, see §2.5).

f .
(MHenceforth sup denotes  sup and lim = lim.
m I<m<o m Bl on
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As a special case of Theorem 1 we can derive ::wmc:oi:m results due to
Oosterhoff and van Zwet [6]: for the contiguity (P*) < (P") of the family
Q«J relative to (P"), where each is a direct product measure, it is nccessary

and sufficient that

@ lim T B (sup wan >N)=0,
® C Tim D) B2 (pp, p) < oo
n k=i

~n 5n

Corollary 2. Let P" =} x ... x iy and Pro=q% x ... x @ be direct
products of probability measures on (, 7 ™), where Q™ = R™ F" = #(R")
and ! = u", @} =u". We assume for simplicity that u" and [" have
densities p"(x) and p"(x) relative to Lebesgue measure. Then in the
associated triangular scheme of series corresponding to the case of independent
and identically distributed random variables, for the relation (P") < (P") to
hold it is necessary and sufficient that

. ..ll 2: EHN <”
?%u:.n,:zt AN.E:EW\(V 0

and

o

_IM:IH:\ .m :\ maA&vl—\w:Svn&HAoo.

Corollary 3. Suppose that for every n 2 1 the measures P are locally

< 106
absolutely continuous relative to the P* (notation: P" < P*), that is,

PR PR, k>t
Under this assumption .?3__._7_ < o) =1, and Theorem 1 includes the
results of Eagleson and Gundy [9] and Eagleson and Mdémin [10] that
condition (&) and the condition
(1.6) lmTim P (N E"(1 =V oyl Fr-1) = N) =0

i

N n R==1
are sufficient for (PY) < (P").
Corollary 4. According to Note 2 absolute continuity P<Pis equivalent to
contiguity (Px) < (Py), provided that the measurable space (Q, .7)is
equipped with a filtration ¥ = (Fy)az1, .~ ==0(U.7x), and that
Py =P |.7yand Py = P | Fyare the restrictions of measures P and P.
% 10C

Let us assume that P < P. In this case the condition () has the form
P (sup o, << 00) =1
R

with ¢y, == Zp-Zioy1, 25 = mm?::.w and holds automatically (for details see
§2.1,5°
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)

Hence Theorem 1 includes as a special case the following generalization of
~ loc

a result of Kabanov, Liptser, and Shiryaev [11]: if P< P, then
.7 mAAwﬂvmmM E(1—V o] Fp_y) < 00) =1.

5. In the following two theorems we give necessary and sufficient conditions
for entire asymptotic separation of two families of measures (P") and (P")

Theorem 2. Suppose that

@ TP (3 T (e, gy < 00) U—E"(V aanl #7001 > N) =1 for all >0,

Then Am\u:v A (P).

~ lo ~
Corollary 5. If _!.AAn Pron > 1, then PMay py << o) = 1 and Theorem 2
includes the following results from (9] and [10]:

(1.8) Iim Pm A,M U —E"(V an | FR-1)] > Ny =1 for all N > 0= (B A (P).

In Theorem 3 we give condition for the reverse implication to (1.8) to
hold.

loc

Theoremn 3. Suppose that P < P, n 21, and that

(@) lim Iim P" (supap,,=>N)=0,
N n k
. . )\: . *

(8) :%H T:E P A:“mﬁap m.ﬂv =0.

Then the condition

—_—

) lim P~ A,M_ U—E"(V ol FRa)| = N)=1 forall N>0
is necessary and sufficient for Q.wd A (P™) to hold.

Theorems | and 3 have the following immediate corollarics.
~ loc

Corollary 6. Suppose that P« P n =1, and that the conditions (o) and
(8) are satisfied. Then

(P < (P") <= lim Tim Pn A,M_ E"(1—V ap|FI_1)>N) =0,
(1.9) "

) & () <> Tan P (3 B (1—V @y | 75_0) > N) =1

for all N>0,

In particular, in the situation of Note 2 the conditions («) and (6) take
the form

mﬁmsz»AoovH? W?.EQ»HSHO
R A
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’

and follow from (B°*) and (p). Therefore, (1.9) leads to the following
loc
result of [11]: if P< P, then
PP B(D EU—V anlFai) <o) =1,
k=1

1.10 -
A v w,wv_lehﬂvaM mﬁld\nw_%‘_?.vﬂoov“a.
=1

Corollary 7. Suppose that we are in the situation of Corollary 1 (direct
product of measures) and that

et Pnr =
o, B () bZE.:._.b 3 Tﬂc Brr V\ZU i ’
(1) B 1
T -pn(: n — | =0.
(® limlimP ?: P 7)
Then
(B) Q7 <= 2 1 i) < oo
(1.12) -

) A (B <> S 12 ([, pf) = oo
k

Thus, under the assumptions (1.11) we have the following alternative:

cither (P™) < (P, or (B*) A (PM).
(compare with the Kakutani alternative: [11]).

. ) s 1
6. We now give a brief outline of the idea of the n:.v.oﬂ.,.om Theorems 1-3.
and to this end it is useful to recall the following definition.

Definition 3. A family (§%)azn of random ,\.,_1:7_3. £ defined o.: o
(@, 7, P, n > 1. is said to be asymptotically tight under a family o
S5 9 . ’ B o ) o ) )
measures (P™)a>1 (notation: (&7, P7)-as. tight) if

(1.13) lim lim P* (|g*| =>N) == 0.
N »n

According to Lemma 9 (below)
(1.14) (Pm) Q(P™) <= (sup Zan, P7)-as tight.

Thus, the proof of Theorem 1 in §5 W.a:ncm to a verification :::. .
asymptotic tightness of (sup z,) under (P") is equivalent to the conditions

) I o .,
(o) and (8) which can also be expressed in terms of asymptotic tightness of
the corresponding families. Next, by Lemma 10,

1.15)  (PHA(PY ﬂv@? (supzp>N) =1 for all N >0.
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Thus, the proof of Theorem 2 reduces to showing that

(v) = 1im P" (sup 20, =>N) =1 for all N >0.

n

Theorems 2 and 3 are proved in §6.

In §2 we derive the Lebesgue decomposition and a number of useful
related results. In particular, we establish in Lemma 3 a formula for the
transformation of a conditional mathematical expectation under a non-
absolutely continuous change of probability measures. In §3 we give
conditions (in predictable terms) for asymptotic tightness of families of
submartingales. In §4 we give a number of characterizations of contiguity
and entire asymptotic separation.

§2. The Lebesgue decomposition and Hellinger distance

1. Let (R, #) be a mecasurable ms._nn equipped with a :_,w::o: F = (Frim
of g-algebras such that # = # Ac #3); let P and P be two probability
measurcs and P, = P | .7y, 1» =P | Na their restrictions to #,.
We write Q = m r + 3. Q= Q| Fx. Let
= .MAINN. b= &Cv
be finite versions of the corresponding Radon-Nikodym derivatives, and let
_
i .13
be the likelihood ratio (in the case of an indeterminacy 0/0 we define
z; = 0; notice, however, that Q (33 =0, 3, =0) = -
Next we list some basic propertics of the sequences (3x), (31), and
(zp), kK = 1.
1°. Relative to Q the families 3 = (31, Fx)and 3 = (3, F,) are
non-negative uniformly integrable martingales. It follows that Q-, w.\., and
P-a.s.

Jeo==lim 3, wa‘i limy 3ry  SUD Fp L-mwcmero
k
and .

v~ 4P
@8"&0. wocll.MDl.

2°. P(inf 3,>0) =1, P(inf3,>0) =1. For lct
3 k
== inf{k > 0: 3, = 0}, setting 7 = oo when 3z > 0 for every k = 0. Then
mv?:m 3 =0)= m 3edQ=

inf %, =0
Aw_ww }

| et | ojede= [ grdq-o.

=0, T<e} (joo=0, T==o0} (37=0, T<w)

I
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3°, Since the S_c@ 0 is an absorbing state (Q-a.s.) for the ::_.q::mm;om
3 = (3n» .\L and m. = @: F73), the values 0 and oo are absorbing states

(Q-, P-, and P P-a.s.) for the submartingale (zx)pz1-

4°. The limit

7o = lim 2

exists Q-, P-, and Paas.

5°. The following equalities hold:

P(supzy < o0)=1, wcw:onVH».
k
and if P <P, then
.—.:m:v 7, < 00)=r1.
k
For

~

P(supzy <) > P (B2 <o) >Plour Bn <o, inf gy >0)=

and
w.c :,,Vsuf_aSVeL

2. Lemma 1 (The Lebesgue decomposition). Let T be a Markoy time
(relative to F=(F us1). Then for every set A¢ Fr

2.1) P (4) = Tﬂ&.-*.miinﬂu
A

Proof (see [11]). Since
=3F-3r + (1 —3731),

for every set A€ S ¢

i ol.TZ::-r:ili_Sx

A

2.2) P(4)= V.ws dQ =

>g,~,

— [ 3r321e 4Q+ {3 (1=573m dQ = [Trag 2P [ (1—sfan) P
A A A A

Here (see 2°)

o 3
(2-3) a3 =L (Pa.s)
and
TP D 3
(2.4) a1 dP =P (4,3, =0=F (4, L =),
A

since mawh m\r >0 =1.
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,

The decomposition (2.1) now follows from (2.2)- (2.4).

Corollary 1. Let 1 be a non-negative .7 p-measurable random variable with
En < oo (where E denotes the expectation relative to 3. Then

(2.5) En = Enzr +En/ (20 = o).

Corollary 2. Let n be a non-negative F p-measurable random variable such
that n = 0 (P-a.s.). Then

(2.6) 0 (zr < o0)=0 (Pa.s.).
3. Lemma 2. For every b > 0

2.7) 255 b)<b, E%EW&M.M..
k
Proof. Let T = inf{k: z, << b}, taking T = oo if z, > b for all k. Then
{infz, < b) = {z; << b}.. By (2.1)
1?_; 2, << b) = .m 27 dP + P (2, <b, Zp = 00) < b.
(zp<t)

Now let § == inf{k: z, > b} with § = e if z; < b for all k. Then
{sup zy = b} = {z5 > b}, and again by (2.1)

~V>_\.Am:v =) =1 (s5=>b) == -
= .M 25dP+4 P (3532, z5= 00) P (253> b) == bP (sup z, =>b).
2520,

4. We write ay =1, a; = z;, o = -2, for k> 2. Then by 3°

(2.8) : ay.

The following lemma gives an important formula for the computation of
conditional expectations under a non-absolutely continuous change of
probability measures

Tw:::m 3. Let ={, Q} and let n bc a non-negative .7 y-measurable
1.::»%25? E:&E: variable, k = 1. Then (Pa.s.)

(2.9) EMIF )= 1 (a4 1< 00) E ()7 ) - B (0] (2 - 00) 1.5y,

Proof. Observe that for & = 1 (2.9) reduces to (2.5).

Suppose now, that k> 2. It is enough to prove (2.9) for bounded non-
negative random variables 7. Under this hypothesis, we denote the right-
hand side of (2.9) by £ Then, to verify (2.9) we must establish that for
every set A € Fp,y

(2.10) Bl (4) = E&7 (4).
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But from (2.8) and 3° it follows that (P-a.s.) for every k =1

(2.11) {otn < 00} = {23 < 0}
Therefore,

(2.42) TeT (4) =BT (54 < ) E (| F uco) T (4) -+ Bnl (2= o0) I (4).
Utilizing (2.5), |
El (2, < ) Emoy | F pd) T (A)=E( (s < 00) E (g |.F poy) 1 (A) 2p4) -

F T 51y < 00) E (qtp|F po) - T (A)- 1 @y = 0)) =
=B (24 << o) nagl (4) z4-y) = E(/ (234 < oov:usn N (A) zp-y)~

From 3° and 5° we find that (P-a.s.)

I (z-q << 00) 2329 2oy = I (2 < ) 2428 (2= 2.

Therefore,
E (I (244 < 00) E (24 |7 5-) 1 (4)) =EmziJ (),
hence,
(2.13 7 (A4) = Enzy (4) 4 Enl (2= 00) I (A).

According to (2.5)
’ Enz, [ (A)+ Enl (z, = ) I (4)=Enl (4),
and this, together with (2.13), establishes the required equality (2.10).

~ loc

Corollary 1. Supposc that wA/ P, that is, 1 <P, k= 1. Then Ploy <o) =
= F..» <L ) = | and (Pas)

(2.14) EM7re) = EMa] Facg)y k1.
(see Lemma 6.6 in [16]).

0 is (Q-, P-, and Pa.s.) an absorbing state for (3,) and (3,). and

Corollary 2. We set (see (1.3)) Bo = Bo=1,Br=05" ?L.PH 337 . Then

(2.15) rub, Bir 3 _.._
From (2.14) it follows that
(2.16) E (M. pet)=Eq(Brl.Fa-y) (Pas)
and N
(2.17) E (n].7 x-y) = Eq( Wl Faeg)  (Pas).

5. let g and & be two probability measures on the 39;:?.&3 space.
Then the Hellinger distance between g and ¥ is the quantity

(2.18) H, p=I[E, (Vp =V B)I1",
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whére v is a measure such that u+% <, g = du/dv, B = dji/dv and E, are
the expectations relative to v. The quantity H(u, ) does not depend on
the choice of », which dominates p+7, and it is clear that

(2.19) 1 (g, W) =2 (1= [Vi)av),

Next we no:wamln two probability measures P and P on a measurable space
(L, 7). If P and P are direct product measures

~

(2.20) P Xy X ovey PepyX g X ...
then the Hellinger distance H( ., ) of the marginal measures M and [y
can sometimes be used successfully to describe properties of P and P (see
for example, [6] and [15]).

When P and P are not necessarily direct product measures on (Q, 7)
(equipped with a filtration F = (F,)u>00 5 ={g, Q},F =o(U.7,),
then the corresponding role is played by the so-called conditional Hellinger
distance

(2.21) Hy=Eol[(V Bx —V B )27 0e]'?,
where 8, and mw are defined in (2.15), and Q is a measure dominating P+ P
(for instance, Q = '.W P + mvr k=1
The following lemma is the key to the proof of Theorem 1.11.

Lemma 4. For every k > 1 we have :ZJ:.V
1
(2.22) S I(apy<oo)Hi=1 (23 < oo)(1—E(} cp|Fay)).

Proof. Let k = 1. Then g = 1 and Q-a.s.

Hi= wo:\ =V 3 VNH 2 (1 |F.O~\:_M.v )
On the other hand, a,=z,, F,={3, Q) and
E(Val#0)=EV 2 =Eg ()" 5, = EqV(y,3).
Hence, for & =1 (2.22) obviously follows.
Now let A > 1. Since {othoy << o0} = {2, < oo} (P-a.s)), we see that

(o <oo}= {8 <ol (3, >0 Pas.).
Therefore, Qw.m.m.v
(2.23) L 1(ay < oo) H}=
=51 (3at > 0) T (5 < 00)- Eq(By - By — 211251727, ).
By Corollary 2 to Lemma 3
EqBr|Fx-)=E(1]7,.)=1 (P-as.),
EqBul Ta)=E(1] 7 9=1 (Fas).
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From Corollary 2 to Lemma 1 A\_«.m.w.v
T (<o) B (1.7 ) =1 (214 << c0) =1 (o) < o) = I (3r-4>>0).
Hence and from (2.23) we find that A\m-u.m.v
@24) A1 <o0) Hh=1(3s>0) (1 Eq(V(BiB) 17 n-1)-

On the other hand, by Corollary 2 to Lemma 3 and Corollary 2 to

Lemma |
(2.25) I(oyy<<oo)E Ao:w\w_.wlw-_v =1 (34-4>0) _moAQhBu»_%\l»-_vﬂ

= 1 (31 = 0) EqI3ndi! (3h-1- 351 )E12 30 374 1 F ) =
=B (31-y = 0) (3,35 (3her 35t ) 12 374 1 F ) =
=EqU (3x-1>>0) [3ass Gt~ 37 )F (53_4) P12 F noe) =
=1 (311> 0) B[V (BB | 7 -l

From (2.24) and (2.25) we now obtain the required equality (2.22).

§3. Asymptotic tightness of submartingales

o . ¥
1. We assume that the probability spaces (@, %", P™)nzy, are 3:5?&0;::
] z- — o T ~ n__
filtrations F*= (F M0, FRE TR SF " Fr=0(UFR), Fo={D. 2

Lemma 5. Suppose that A™ =

(AR, 7 Mawo, 1 = 1, are non-decreasing
. . e , pn n g+ on m
processes, locally integrable (relative to the measure P"), (A™ € Aioc(F", PT))

with A3 = 0, and that their compensators are A™ = (A%, £ Ry (that s,
X [ > ) N
A" — A is in the cluss of locally integrable martingales ofl joc(F". 1 n) and

~ -
AR == lim AR, AL == lim Aj.
A 2

Then
(AR, PM)-as. tight = (A%, P")as. tight.

If, in addition,
sup E"sup (A} — AF_1) < o0,
n B>1
then
AMM.E Py -as. tight <= (A%, P*)us. tight.

Proof. Suppose that X = (X, .Fx) and Y = (Yy, ,ﬁl.mao two non- .
negative processes with discrete time £ 2 0, and that Y is a :o:-accncm\u._:m
and locally integrable process, defined on some probability space Q, 7, P)
with filtration F == (7 1)x>o- .

Let us assume that the process X is dominated by the process v\._: the
sense that EX, < EY, for every finite stopping time 7 [12]. If Yis
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predictable, that is, if ¥, is .7 p-;-mecasurable, then the Lenglart inequality
:oE.m. (see [12]): for any N> 0, L > 0, and for every stopping time 7

(3.1) P (SUPX, > N) <o+ P (V> L).

k<t
When Y is not nccessarily predictable, then the Lenglart-Rebolledo inequality
holds (see [13]): for any N> 0, L > 0, and for every stopping time 7

(32)  P(upXy>N)<g L+ Esup(dy— A )]+ P (V. >L).

<t
Since under the assumptions of the lemma EA” = EA™ for every finite
stopping time 7 (relative to F") (3.1) implies that

(3.3) P AL N) <+ P (AL,
and (3.2) shows that

(3.4)  PM(AR>N)<—-[L-+E"sup (4f — 4f_y)] + P (AR L)
* 3

From these inequalities the required assertion of the lemma now follows in

the obvious way from a passage to the limits :Eaﬂr

L N
2. Lemma 6. Let M™ = (MP, F Rn=o be local Ei::mm\& (relative to P"),
that is, M™ € utt (F", P"), and let

(3.5) sup E"sup | VR — ME_{|<< oo.
n R>1
Then
(3.6) - (IM™, M™w, P™)-as. tight <= (sup|M}|, P*)-as. tight.
R
Proof. Now we use Davis’s inequalities ([17], 490)

(3.7) E"sup| MP| <CE*[M", M)A,
Rt
(3.8) E™ (M, M1 < CE sup| MP,
R<T

which hold for any stopping time 7 (relative to F*) with universal constants
0<C <o 0<(CG <oo,
Then from (3.2)

(3.9) 1:?:3 MR =N 2 {L :Q_nzm:% (R AR VA AR PV A VA 2O) -+
PP (M, M2 LICY),
and similarly,
(3.10) PP ([M", M= N)<

IAB + C,E m:t?:v_ V3 - sup [MTD}--P( £€_<»_ =LIC,).
i<k jh-1
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Sincg
m:t (sup| M} |— sup _E:_VAmcE MP—=MR_q]

i<k i<h-1

and

sup Q,::‘ M \.ﬂ\mln—:f ;\:_:ov

k P92 — (A, ML) <sup| MR — My
<sup{(A7" MY + (ME— MR )V M NPy <ssup M — M-l

by the assumption (3.5) the required assertion (3.6) follows from (3.9) and

(3.10), as a result of the passage to the limits __M: _r_: Tim.

Lemma 7. Let M™ = (MP, FR)r=, be a square integrable local martingale
(M™ € oMioe(F", PM). Then

(3.11) (M), PM)-as. tight | uvﬁmﬁc_.in_, ") -as. tight.
If, in addition,

(3.12) mcvnzmmv_‘inl.:nL_NAoo<
then

(3.13) (M, PY)-as. tight Auv?,mc_.:n__ Py -as. tight.

Proof. Since (M™)? is dominated by the process (M™), from (3.1)

P (sup| MR > N) < <P L),

Now (3.11) follows after a passage to the limits lim _.,: lim.
L hY n
Next,

sup ([U™, M, —[M™, .::_ylvlm_h_;.:n — M q)®
R

Therefore, by (3.12) and the second part of Lemma 5
(3.14) ([M", MM, PY)-as. tight <= (WM™, P7)-as. tight.
Together with (2.6) this gives (3.13).
Lemma 8. Let X* = (X, 7 Biso, n = 1, be submartingales with

(3.15) |zh | <Le, k=1, n>=1,

where sf =Xi— X!y, Kk = 1.
Then

(3.16) (sup|XT|.P")-as. tight <= A\./.. n(ar 4 (aR)? T k-1)s P™)as. tight.
" =

k-
Proof. Since X" is a submartingale, E*} | 7 F-4) = 0. We define

A3=0, AR= M? | 751), Mi=Xi— AR

=1
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Obviously, A —Ap_; <ec,and | M} — MP_y | < 2¢. Hence,
M™ € Mioe (F?, PV).
Observe that

(M), = 4@ {E" (a3)2| F 1) — (Er (2} 7 1-0))3 <

k

< EM((a))2F7-1) (=BpR),

j=0

and if we write Y} = Al -+ sup(M/})?, then Doob’s inequality shows that
i<k

ErYR <<E (A7 + 4(M™,) <4E" (A -+ BY)
for every finite stopping time 7 (relative to (F", P")). Therefore, from (3.1),
PM YL > >J\||+ P (da -+ BL>L/4).
Now we use the fact that
Yo +-1>4%- msc_i»_ u:c_;_
Then
L

(3.17) 1.7_%_:_ SN )<P(YL=N)KL = + P (AL + BL > L14),
and the reverse implication in (3.16) follows from a passage to the limits
lim Tim [im.
L N n
Now let us establish the direct implication.
Since for every stopping time 7 (relative to (", P*))

ErAjpe = E"X A <<E"sup | X}
Jsit

we find that
E"A7 <E"sup | X]].

i<t

Then from (3.2)

P" (A2 V) SELE 4 Pr(sup | X L),
hence,
(3.18) (sup |XE[, P)-as. tight = (AL, P")-as. tight.
k _

Since sup | M| < n:c [ X2 | + 4%, we obtain
k

(sup |XE], P™-as. tight = (sup [M7], P")-as. tight.
& k

By Lemma 7,
(3.19) (sup |M7], P¥)-as. tight = (M ", P")-as. tight.
k
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Thus, BE < (M) 4 (ADL)2,

8

S BN (@R (SRR ) = AB - B AL+ (AD) (M,

therefore, the direct part of (3.16) follows from (3.18) and (3.19).

§4. Characterization of contiguity and entire asymptotic separation

1. Let(Q", 7™ be a sequence of measurable spaces, and P” and P”
probability measures on (Q*, .7 ™). n > 1.

Lemmma 9. The following conditions are equivalent:
(a) (P g (P
(b) lim P* (zne=00)=0 and the (z,<),, are uniformly integrable
n

relative to (P"):

(4.1) sup % Zho dP" >0, ¢— co;
n .n:wu»v&
(¢) (Znes DM)-as. tight;
(d) (Sup z,,, ur:.v.m,n. tight.
R

Proof. The equivalence of (a), (b), and (¢) is well known, see, for example,
[S]. Condition (d) and its equivalence to (a) is apparently new. It turns
out that the equivalence of (a) and (d) plays a decisive role in the proof of
Theorem 1.

For the completeness of the exposition and the convenience of the reader
we give a full proof of the equivalence of all four conditions.

(a) = (b). Since P"(z,o = o) = 0, contiguity implies :w_: ?.A“xa = 00) =

Now (4.1) is equivalent to the following two conditions (sce the lemma in
[S], §3: or Lemma 2 in [17], 206):
(4.2) sup / Zpeo P! <00
A
e
(4.5) P =0, A€ T [ e,
.ﬁ:
By the Lebesgue decomposition,

~

v Zpe AP P (A7) < 1.
}3

Henee, (4.2) and (4.3) follow obviously, because by contiguity

P* (A") >0, A€ F = pr (A" — 0.
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(b) = (c). By the Lebesgue decomposition,

pr (Zno > N) = ,m Zpeo AP - P (Zpeo = 00).

{2,00>N)

Then by (b),

Tim P (2,0 >N ) = :E % Zhe AP >0, N — oo,
" (7> N}
and this proves (c).

(c) = A.c From (c) it follows that for cvery e > ( there exist N and n,
such that ??:8 > N) < e/2 for every n > n,. Therefore,

Mu:A\w:v” M\W‘:A\nz D “N:oam\/\vV s mwvw_ Ak: D ~N=8v>~v m

< [ edPib gasvy< NP™ (A7) 4 /2,
>=:~=3/z,
and if P*(A") = 0, then Iim _I:A.,._ ") << e/2. Since ¢ > 0 is arbitrary, this
proves (a). "
(c) = (d). The validity of these implications follows evidently from the
inequalities |

(4.4) _l:.ﬁ..:_E > N)<P" A,Jﬂ:v Niu\,\u?vM%, -+ ?.?:EWS.

The left incquality is obvious. To prove the right inequality we use the
Lebesgue decomposition. Then

pr Am:v Zap = N) ==

= % x&:ﬁZ;?%i N, Zpeo==oc0) =
(sup 2, >N)

= [ edPriPr(e=—c)=

{sup N. >N}
rn L3

- | Znoe P+ f Znoo AP+ P (2,0 = 00) <
(sUP 203 >N, 2,0>1) (sUP 2,y >N, 2, <L)
7
34
< | tmarriz | P B (20— o) =
{z,>L) Amnc 2 p=N)

~

=P (zp0>L) -+ LP" (sup z,, > N),
k

where by Lemma 2 P(sup z,, > N) << 1/N.
k
Thus, the right inequality in (4.4) is also established.
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.

Lemma 10. The following conditions arc equivalent:

@), (P & (P);
(b) Tim Pr (zpo=N)=1 forall N >0;
(c) Tim Pr ?:z 2 >=N)=1 forall N>0.

Proof. The equivalence of (a) and (b) follows as in [10].
(@) = (b). In accordance with the Decfinition m in §1 we can find a
subsequence (') and sets A™ € #™ such that

(4.5) lim P" (A™)=0 and lim P" (4™)=1.

Then, by the Lebesgue decomposition,
P (AY) = m Znreo AP™ b PV (A™ (e > L)) <
AM (<L)
LLPY [(A™) 4+ P* (2 > E).

Together with (4.5) this shows that _:: w: Zna > L) = 1, and this

establishes (b).
(b) = (a). From (b) it follows that for every A > 0 there is a subsequence

(n1x) such that n, << ny 4, and

P (2,00 > k) > 1 — 1/k.

Consequently,
lim P™* Auare >k)=1.
k—=oo
Next, Ph(znyw > k) < _uiu‘;v k < 1/k.. Therefore, lim P'r(zpp0 > k

~ R—oo
and this proves that (P«) A (P").

(b) & (¢). That (b) = (¢) is evident. To prove that (¢) = (b) we note
that according to (4.4)

~ ~

pn Amn_v zu=N) < l%l + P (2,0 =>L),

hence, that for every L > 0

Tim P (20> L) <1—-%

I

-1, N-— oo,

§5. Proof of Theorem 1

1. We begin with the sccond part of Theorem 1, that is, we show that
under the condition («)

(5.1) (B) <= (B*)

and

(5.2) (B) <= (B**).
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By Lemma 4,
5 1 (@ s < 20) Egn [(V B =V Bun)? |F7-1] =

=1 (an, py <o) (1 =E"(V any | Fi-1)).
Therefore, (8) = (8.
Suppose now that («) holds. We claim that then (B*) = (B). Letg,, be
non-negative random variables. Then forall L> 0 and N > 0

oo do % x
(5.3) ?Q?WSHEM T (0 poy << 00)Enp = N, Sup oy, < 00)+
k

E=1

- uu:A M; m:r \< mC@Q:» - VA

<P (3 T (@ ey < 0) > 5,;;2_5; >L).

» ==
From this the required ::c:cu:.c: (B*) = (B) follows (with () taken into

account as a result of the limit passages lim lim Tim if we set

/ _ L N n
W:» = 3: :ﬁ\ 3:} - # ﬁ:rv _ * :l__

Thus, (5.1) is established.

(B) = (B**). Clearly,

(5.4) T (ctn, hoy < 20) B (1 =V ctua)? 7o) =
=21 (atp, -y < ) {1 = E" (}V atup| FR-1)} — 21 (¢, -y << 00)
+1 (ctn, gy << ) Ed _,ﬁmlv <1 (%n, py << o0) B AQ?»_..‘ln- 1)-
From (2.9) with n = 1 it follows that P"-a.s

(-3 I(an ny <) E (g y|FR1) =1~ P (a,, , = 0o [ F]_y),
and from (2.6) with n=E"(1]7%_,)—1 that Pras

(5.6) \Aof rog <<oo) EM (15 l:LvH\AQ:.T_Aoov.
Therefore, from (5.4)-(5.6) we find that P"-a

(5.7) I (otn, gy <) EM (1 — V ap 2|FR_¢) =

=2/ AQ:. k-1 < 8v Am —E® 2\ Q:w_.«.\.n.. Cvln ' AQ? -t < 8v -+
14— P (e, =00 FR_1) =21 (ot oy << 00) {1 — EP () oty | 2o p)} =
A1 (g, oy = 00) =P (e, = 00| 7 1)
Since (B) = (8%) and («) holds, duc to (5.3) it is sufficient to show that

for every L > 1

(5.8) AQV'V_:: _:_A/x I (s, =oc)>L)=0
and o

(5.9) () = Tim P (N P (=07 4_ 1) > L) = 0.
k=1

n
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But since

i 1

Av:mvg:rv >J[ /J_ \AQ.::V\/JW — nNAQi.IIOOv/ar

>H
by ()

Tim P (Y 1 (o = 00) >1)<Tim P (supa,y >N) >0, N> oo,
n=1{ n k

in particular, (5.8) holds for every L > 1.
Finally, from (3.4)

& fle o PR S
P (3 Pram=ool 7} ) 2N) <
h=1

AW :.P;.M VW&.
k=1

Now (5.8) follows from this and (5.9).
B*) = (B). From (8") it follows that

_:: _:: ~:; ¢., I (%, jog << ) B [(1 — )27 R 4= V) = 0.

Hence, (B7) follows from (5.7) and the relations (5.8) and (5.9), which hold

when («) holds.
Thus, (B) = (B**) = (8°) = (), and this establishes (5.2) (assuming that ()
holds).

2. Now we turn to the first part of the theorem.

Sufficiency.
By Lemma 9 we have to show that

(5.10) (@), (B)=>(sup zps, P")-as. tight.
) k
With this aim we introduce for every ¢ > | the function

for |2|<
:..?JH_ ¥ or |z

csignx for |2] >,

and the sets
"Arnb Qna<l€)N ﬁ:»i.ﬂi >}

We write
R
A.Jmmv sx-m.h"N Ue :O% Q;:.Y

i=1

and note that
V\wr.\ :ul /J _OQ AN:.*V N nA_Om u:r.v.\
= A

n ==



Contiguity end separation of probability measures 127

Therefore, for N > 1,
\A.m..»mv Am:::; N} ﬂﬁm:c [ X7n] == log N} U {Q\ A1} =
= Am%t_\/uns > _om.>..v U A.,.wc =€) ?wmmi Ler).
and similarly
(5.13) ?_“EX?_W logN} = Amun:om Zup| = log N}U{QN\Ar) =

I?:u z=NYU Tﬁ:; = vc?_:v RiVmJCT:.. U e ).

From (5.12) and (e) as a result of the passage to the limits [im lim Lim
we find that c Mo

(5.14) ._.rl Pr (supz,=N)<
h

in
n

_:: _ﬂ: ::::_ T:c _>__om>c+_|~l:u :ﬂ?_ﬁ.;ni AQ-J.
c n k
Now we claim that
(5.15) (). (B) = _:: :_: pr ?:_.92. e ) =0.
By Lemma 3 with n==(1 lo:y:mr we have (P"-a.s.)
=1/2\0) 4rn n —
E" (1 —and P2 500 =1 (0, 10 < 00) B (1 =V ap)?].7 ro1)-

=+ pr AQ:»” o _l

!»V - \ AQ:.al_ AOOV P AQ:.r Hx 7 \.Igv
Since (a), (B) = (") and () = (5.9),
(5.16) A,V.L.__.:E —agt2p) 7p), Pyas. tight,

Hence, by Lemma 5

]

(5.17) 7. (L —a; 1722, D). tight. )
Finally, for N > 1. '
% I 12 gy N <
2 s UM (V=12 < 8 Tan SUN (I —agilp< S (1 —agtye,
hence,
wﬂ: MM / < 1/2 -0 Dn P“ -
(& 1 EnSYNS LW 1)) <P (S (1—an 1),

Qz.vo&:m L = (N'Y? — 1)%, this and (5.17) together with a passage to the
limits lim limn gives ,
N n

S

(:48) Tin Jin P (Y N T (0 S1/N)>1) -0,
»

N k==
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00

But T:_ an < 1/N} i“ I (o <1/N) = »_. Therefore, the required

1

implication (5.15) follows from (5.18).
Thus, on the right-hand side of (5.14) the last term vanishes. We now

show that

(5.19) (), %vlv:5 _:z P" (sup [ X5x| = log V) =0,

N 3
in other words, that for all ¢ =1
(), (B) = (sup | Xols Pn)-as. tight.
r E

We claim that X" == (X&, Fh forallc>1isa submartingale relative to
P n = 1. It is sufficient to show that 2:_ s.)

(5.20) 7 (u, (log %) |7 5-1)=0.
By Lemma 3 Q«:-s.m.v
(5.21) En (u, (log e )] 75y

= 1 (1, 1oy << 00) B (ty te (108 6 )1 75 1) 5 €P" (et == 00].754)-
Observe that xu (log x) = x— 1 for x 2 0. Therefore (P™-a.s.)
(5.22) T (%, joy << 00)EM (o, u, (loga, ). >
:Q:; _Aoov :_ARii:..xl“._Lv A”A.\.:.v.
w:co again applying Lemma 3 and Corollary 2 to Lemma 1 we find that
P"-a.s.
(5.23) Joys= A =P (== 00| 7T g) = T (@, oy < 00) =
= I (g, gy o) =P (tp = 0].77-1).

From (5.21)-(5.23) it follows that Pras.

-1

B (ue (1og sp 1T J=1) 3 (2, oy = 00) (e = 1) P o = 00| 7 f10) = 0,
because ¢ 2 1. -

Thus, X" = (X7x. .7 &) is a submartingale relative to P" with
| Xip— X5 poy] <2. According to Lemma 8 in §2,( n:r [XSx|, P)-as. tight if
and only if

7: B (u, (logetp;) -+ ui (log ep )17 7-1) ). D7) -as. tight.
Jj=

~

From Lemma 3 (P"-a.s.)
(5.24) Lyj==E"(u, (loga, ;) -+ ui (log e, )|/ J-1) =
=1 (o, j_4 < 00) E™ (a2 (108 ot j) -+, juic (l0g o). 7 To)
A (c-+c?) P (anj= oo |.FT1)-
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Together with (5.22) and (5.23) this shows that .

(5.25) Lyy=1(a,, ;- <<oo)E" (ot it (log oy ;) -,y u2 (log &)+

+ﬂ|9=~._..\ i-1 An.lfhvuu:AQ:\. 00_ u|_v|.
— 1 (ay, 3y <00)4-1—P" (&, ;= 00| FLy).
Now we use the fact that for every x >0

(5.20) a(e) (1 — 2122 L qu, (log z) +aui (logz) +1 —z<< A (c) (1 — z!/2)2,
where a(c) and A(c) are positive constants. Then
Lay<SA () I (g, 5oy < 00) B (1 —anf)2. 70 ) +

+ 1 (e, oy = 00) + [ — 1) + 2] P" (@, = 00|71 y),

hence
(-27) M_ Loyy<SA() B 4-E2-4 [(c — 1)+ e2)er,
where
&= .M:f:Aazu,éé:.:ﬂ-;
6.28) {4 ST =),

Wuﬂm__.iﬂ-&”oo_.»lwl s

It is clear that

m.;AM \#&W.}.vm—):.am"_\\/ N v‘

i=t

J_de:\Wu/ ..a. V.W‘W:Awq__/v N v
Since (@), (8) = (8™, S

M [ vl\w .1;
:v: :,”: p* ﬁmuv.l.]v ==l

and by (5.8) and (5.9)
* it Tim P (g } =0,

B N =n 34 (c)
lim Tim P [ £n N
ud _w.:_ ?Ww:nl:.fn_ vﬂo.

Consequently, AA \:,t ~:.v -as. tight, hence also ?:v? xl ?v-mm. tight

which shows that :E conditi e ici i
Q.J o ions () and (B) are sufficient for the contiguity
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3. Necessity.
Suppose that (P*) < (P?). First of all we show that (&) then holds, that is,
(5.29) (Br) < (P") = (sup &, P")-as. tight.
13
According to §2.3°, P-a.s.

g = 22 1 (5P 2 < 00) +Ginid (SUP 2Za = 0)-

(5.30) ==
Thus, for every N> 0, L > 0,b >0,
Sup ink
T:cﬂi. Ny= %HI.H =N, m_“c Zap<< oo U

U 2y = 00} S {sup 53N inf 20 U (S0P 2a>L) =
<0} U{sup > L)L

=L)<=

> 1} U (supzan>N0)

CArCﬁ Ang = ~<
!2Z€5:.\:> ::.Nz_: :; Za <<

U ({supza=N :_mf:: :_: >0 U 7—5 Sk
k

= ?::i <0} U TEV Znh =2
k

hence

pr (supapp=N)< pr (infz,, <)+ P (supzp = L)+ P (sup za = N).
3 k h

By the equivalence of (a) and (d) in Lemma 9 and by Lemma 2 we now

obtain
lim Iim _:.75_9.; N< _:z _57:?;;/5# 0,
N n
as b — 0 and b — oo.

Thus, the proof of (5.29) is complete.
By (5.30), for every N>0,L>0,06>0 (Pa.s.)

inf zna
- . { {
(5.31) A_if_:ﬂ.wﬁv = —v.|_|w_f.:x mﬂ. 5 m—w_c“:xA ooM U
& by

. 1
U A:_Tuiml.. SUP Zpp == oov =
R A k

=N :_?i../,:vf_L U ?::ziV\\ =

S{Nb<sup z,s infz,, >b} U{V J.;.n:»mm 1P Zks _:::» by U

U Amcnzzthvn.?z v\u:cf;v U A:;N:» by U ?::zi =L}

Consequently,

?A:;Q:»A “VM?.A!EN:» Nb) 4 ~:.A:;N=» b) -+ —!Am:cf; >L).
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Hw HKO e . . . .
y Lemma 2, P A_M: 2, <b)< 6. Therefore, bearing in mind the equivalence
of (a)and (d) in Lemma 9, we obtain

5.32 o el 1 gl
( ) rzE:..EHv A:»i.o;xM‘M.:VMJ_:_?Awmcmivs;é.lvo,

as L — oo and |b — 0.
Next we turn to the proof of the implication

™) < (") = ().
By (5.13), .

wa )w: rC ~ r P P
(3:33) P (sup | X5l > log N)<B" (sup 20> V) + B ?_:,;MPT-
k h N

5, i
+P Am_hv Upp =€)+ P Qh.mﬂimm-d.

From (5. im lim P" et
(5.29); mn_x:“_”u _._.::w Ammcﬂar\\..w )==0. From Lemma 2,

g Emnm AG
—_—— ~

1i i nf: . 1
>_~=. lim P A:‘.::; < ﬂv ==(; from Lemma 9, Iim lim P" (sup z,, > N) =0;
kR

n
N n

from (5.32), lim lim P* < (info -
), i Tim P < A.M; “yr <€)= 0. Therefore, as a result of the

ce n

limit passage Tim _l_\m.:am we find from (5.33) that
-1 n -

U..w\ e i T D o -
(5.34) :M: __\“‘_ __=:_ P Am“_v_kf;_“,w log N) =0.
From this and from Lemma 8 it follows that
(5.35) fim fom iim P (S
: z_ J.: Amﬂ_hiw N)=0.
By analogy with (5.27), from (5.25) and (5.26) we deduce the inequality
" RS —_—
(5.306) P Ly =a(c)ipLer+[(c—1)+c2)tp, >,

where £7, £7, and &4 are defined in (5.28).
From (5.36),
(5.37) §<a™()[ X Lo+ &+ (c—1)+e) .
From (5.29) and (5.8) it follows that (&), P7) -as. tight, and from (5.29)

and (5.9) (&5, P")-as. tight. Together with (5.35) and (5.37) that since

inf a (¢)>0,
c=1

(5.39) (™) < (P™) = (1), P")-as. tight.
Hence and from (5.3) applie 13 X
5.3) applied to £, =E"((1 —all2)2) 77 e fi
by (5.2) and (5.29) QI:.V q (P") = Amiw A.U%wﬂ e tind
The proof of Theorem 1 is now complete.
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§6. Proofs of Theorems 2 and 3

1. The proof of Theorem 2 is based on the following general fact (Lemma 11).
Suppose that (@, 4, P)isa probability space equipped with a filtration
T = (Frzo Fo={T and that (ya)x>1 is an F-adapted sequence of
random variables with values in [0, ], for which 0 and oo are absorbing
states, that is, v is .7 s-measurable, yx = 0 on {y; = 0} for k >/, and
Ye = % on {y; = oo} for k> j (P-a.s.).
We set

Ty=

J

Lemma 11. If Ey, < 1and E(yx | Fra) < { (Pa.s.) for k = 2, then the
sequence T' = (I'p) x> admits the multiplicative decomposition

».F: n»ﬂmﬂf_.“r-z, A»HM@.nr E>A1.

Ii x>

(6.1) Ty = AxSp

where A = (Ax, Fr-t)iz i5a non-decreasing process of ¥ k- measurable

random variables Ay, and S = (S, Fr)k=) is a non-negative super-

martingale with ES, < 1.
Here, the limit T'ew == lim I', exists (P-a.s.), and for any a > Oand b >0
n

(6.2) P(Po>a) <o+ P (4u>>b).
Proof. We claim that to obtain the decomposition (6.1) we can set
3

Sy = [| v;a?, where
=t 7

0, a=0,
af=< at, 0<a<<oo,
0, =: 00,

For this purpose it is sufficient to show that
(6.3) y;=105a; (P-as).
Since y; => .,r.a%f (P-a.s.), we must verify that
2yy = Evyaia;.
But Ey; = Ea;, and on the other hand,
e D «
Eyjefe;=E[afa,E (v .7 1)) = EaPaja; = Fay,

which proves (6.3).
We now claim that S = (S, F») isa supermartingale. In fact, we have

(P-a.s.)
E(Sy | T w-1)= Sy anw,m | F rt) = .wrinwmnrm.w»-..

Further, ES, = ¢,¢? <1, hence ESy < 1.
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It is well known that a non- -negative supermartingale converges (P-a.s.) 5
a finite limit. Therefore, the limit S., = lim S, exists (P-a.s.), and ES.. <

n
Now we observe that 0 <4, =a,; <1 and 4, ,, <Ay (P-a.s). This
means that the limit A, == lim 4, >0 exists, consequently, (P-a.s.) the
n
hmit Ty == _:: Iy exists and T = Ao+ S,

Now we om:&:m: (6.2).
For anya > 0and 4 > 0 we have

(To>a}={Twa, Se < £} U {Ta>

, S
a a | v a
= & \_awav U{Se>F} =(4u>tpy {Su2).
Consequently,
P(Ma>a)<P (Adw>b) 4P ?gvmv.
The required estimate (6.2) now follows when we observe that

~‘.. w
_.Amsw\mlv%w_aaMﬂ.

2. Proof of Theorem 2.

We set p,, = a2 and claim that

E"(ar | FE)<t (Pras),  k>1.
By Lemma 3 (P™-a.s.)

2

Er @i | 750) - T (o, yor < 00) EM (@2 | F5_0),
and by Lemma 4 ﬁ.z-m.m;

I (ctn gy <<oo) (1 —E" (crns I F k-1))=0.

Therefore, Q«:u.m.v ~.z“= (% \-_ Froo<t,k>1. Applying Lemma 11 we
find that

P (e > 0) <2 D ([ 1 (tn, gy < 0) B (alf? | Fia)>b).
In this incquality we take 0 < b < 1. Then

ia ).: 1 /
G4 P ?:aVﬂ;W

VTIMVI_,AM. oi:?. a1 < 20) 7 (enfl | 31))> log b) .

Since log x < x—1 for x > 0, we have

log [7 (2, p-y < 00) E™ (0 | #3011 (o, oy < 00) E* (@12 | #1_1) —1 <
. ST (@, poy < ) [E* (ahf? | FR_4) —1],
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and from (6.4) we find that

m(; ANza >

)=

WTIWVI_,;N:?, \< 00) [ — B (alf? | FR-0))<log 5 ).

Now by (v),

n

Therefore,

and since 0 < b <

forany 0 < b <

k=1

1,

- » 3
T P 3 7 (et < ) [ — B (0 [ -0} < o ) =0

1 is arbitrary,

which by Lemma 10 is 3:7..,__03 to c\u.v A (PH).

3. Proof of Corollary 5. ~ .
Since Pz, = 00) = 0 (sce §2.5°) and P} < P{, we obtain

.m(-: (g = c0)=

PP (atpn = 00) = P (25 = 00) =

and (1.8) follows directly from the assertion of Theorem 2.

4. Proof of

Theorem 3.

The fact that (p) is sufficient (without (a) and (8)) was established in

Corollary S to Theorem 2.

-

We now claim that

(6.5)

@), (0, (P A P)=(p)

By Lemma 10, this is cquivalent to

(@), (8), Tim P* (sup zpy>N) =1 for all .V > 0=(p).

According to (5.12), for N =

Aﬁr_ﬁ nk=
Therefore

(6.6)

landc 21
=N} <= {sup| Xnx | > log NyU{sup ani=> e} U{infon < e}
Tim P» (sup | Xsn | = _om N)y>
n k

-, :a pr (sup =) — Tim P" (inf e <e).
n
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Hence we find by («) and (8) that for every N = 1 and £ >0 there is a
c=c (€) = 1 such that

)

im P* Amﬁv | Xfn|=>=log N)>1—c¢. :

By (3.17) with N > e

6.7) B (sup | Xin | > log M)< g+ P (AL + BL>2 LA ()
where A% and BZ are defined in the proof of Lemma 8 in §3, L > 0, and
0 < A(c) < oo is defined in (5.26).

From (6.6) and (6.7)

(6.8) ﬂ.ﬂ??ﬁ+ﬁ.\é§ @W;l%i —g, Ne=roo,

Next, using the fact that ?n.:u a,, << oo} we find from (5.26) that
”u n* anu =5 rM“ m: —Q:v:n A_OW Q:rv w_,.. Q.:rtw A _Om Q:rv “ .wi\‘”l; =

H..Mﬁ E" [a, i (loge,,) +Q=»:w (logapp) 41 —on | Fhot]<<

minv,m E"[(1—al)2| 77 =24 SM H—Er (] 7Rl

Together with (6.8) this shows that

Tim P () (1 =B @l | FR))> L) = 1—e.
k==

m)m\znm L and e are arbitrary this shows that (p) follows from (a), (8), and
(P") A (P"). This proves the theorem.
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