
L-

J.  -H. Eschenburg

WILLMORE SURFACES AND MOEBIUS GEOMETRY

The fol lowing notes grew out of  d iscussions between J.Eschenburg,
U.Pinkal l  and K.Voss about R.Bryants work on Wil Imore surfaces
tBr l .  In part icular,  the computat ions of  ch.3 are due to Voss.
The main theorem of Bryant says that Ui l lmore spheres are Moebius
transforms of  certain minimal surfaces in R*.  The proof has two
sources: the theory of  conformal area in Moebius geometry
developed by Thomsen and Blaschke in the 20rs,  and the study of
minimal 2-spheres in spaces of  constant curvature by Calabi ,
Chern and others.  Our aim is to exhibi t  these sources more
clear ly than in the or ig inal  paper which makes the proof more
transparent.  He wish to thank G.Metzger who helped us under-
standing the Moebius geometry.
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1. The Wil lmore Funct ional

Throughoutthispaper '1etMbeasurfaceandx:M_>

an immersion. T. t { i l Imore t t f l  proposed to consider the funct ional

W(x) = f  (H:a -  K)dA -  V.  J(k '  -  k*:)n dA
MM

where K and H are the Gauß and the mean curvature,  kr ,  k;r  the

pr incipal  curvatures and dA the area element of  the induced

metr ic on M For compact surfaces, W is a measure for the total

mean curvature s ince the Gauß-Bonnet integral  - fKdA does not

depend on x

I t  is  a remarkable fact  (cf .  Appendix)  that  the funct ional  h l

is  invar iant  under conformal di f feomorphisms of  the target space.

In fact ,  by LiouviLLefs theorem, the conformal di f feomorphisms of

open subsets of  Ent do arso preserve the set of  spheres and

pranes of  RrB and form the group Moeb( 3 )  of  the Moebius

transformat ions of  B:e u [ . ]  (cf  .  t  spl  )  .  For any dimension n ,

the group Moeb(n) is generated by isometr ies,  homothet ies and

some inversion (ref lect ion at  some sphere).

Lemma L. Let sr . ,  s;r  c f r r r  be (n- l - )  -sp-heres which touch .  each

ather at  sorne point  p .  i .p,  they have a common normal.  vector n

at p Let g e Moeb(n) Then t j re rnean curyatures k,r .  of  So.

with respect ta n and k,r .  I  of  g(sr  )  wi th respect ta dgr(n)

sa t i  sfy

I (p) . lk* t  -  k,r , , ' r l  = lkr .  -  k ' r l  1

is the metr ic delatat ion factor of  gwhere
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Proof.  The statement is t rue for isometr ies and homothet les.  Ue

have to show i t  for  one inverslon. But there exists exact ly one

sphere s touching S, and S*,  at  p such that refrect ion at  s

interchanges s* and s",  s ince p € s ,  wB have \(p) = 1 for

th ls lnversion and so the forrnula holds t r iv ia l ly .

Remark.  Thls sphere s ls carred the central  späere of  sr  and

s* '  r ts mean curvature wl th respect to n ls k = %(kr *  k=) .

Proposl t lon 1.  For any g e t {oeb(3) ne äave

W(9o3) = l t (x)

Proof.  For any p € M e conslder the bunch of  spheres s(k)

havlng f l rst  order contact  wi th x( t { )  at  x(p) ,  where the

parameter k denotes the mean curvature of  the correspondlng

sphere s(k)  rn part icular,  s(0) is the tangent prane at

x(p) For rarge lk l  ,  the sphere s(k)  r ies on one side of

x(u) for  some nelghüorhood u of  p The supremum and the

inf lmum of these k-varues are the pr lnclpar curvatures k,  and

k' :*  of  the surface x at  p This character lzat ion of  the pr ln-

c ipal  curvatures shows that the Moeblus t ransformat ion g maps

the correspondlng spheres S(kr )  and s(k:r)  ,  the so cal led

pr incipal .  curvature spheres of  x at  p ,  onto the pr incipal

curvature spheres of  gox at  p Thus the proposi t ion fo110ws

from Lemma L.

since the conformal geornetry of  R.. ,  u { . }  is  mapped to that

of the3-sphere$i : f lbyanystereographicproJect ion03R.".o->

Sra ,  er€ also consider the analogue funct ional  for  immersions x r  :
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namely

(xt)  = l (  J(krr  -  k:ar) :e dAt = f  (1
MM

quant i t ies wi th t  a lways refer to

and the spher lcal  curvatures are

+ Hrä -  K')  dAt

the immersion xt .  The

related as fo l lows:

Lemma 2: Let Sr c S' be some (n-L)-spDere vith spherlca.l  mean

curvature kr  Then kf  ls  täe euclJdean mean curväture af  täe

sphere S^ in Rrt* ' r  which jntersects S" arthogonai ty aTong

ql

Thls can be seen without computat ion in the case n

at the tangent cone C whlch touches Sn'  a long

by looking

i
I

=2

sl

(.
^'71"5

Fi,r .1
,t

To see the relat ion between t l  and hl  I  ,  w€ observe that a

stereographlc project lon 0 :  Rsr -)  S"ä wi th q(o) = t i t r  € Sr3 is

the restr lct lon to R* '  c R* of  the lnversion o at  the 3-sphere

S.:, c R'o' centered at, N and interseeting Si5 along Srf n B;$

z/ht

n:t'z
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As above, w€ see that 0 maps the pr lnclpa] curvature spheres

s(kr )  of  some immersion x :  M -)  B. ! r  to the pr lncipar curvature

spheres St(kr t )  of  xt  = 0 o x On the other hand, i f  we

enlarge the Z-spheres S(kr )  € R.ä c R* to 3-spheres wl th the same

center and radius,  than ö maps these onto those 3-spheres which

intersect s3'  or thogonal ly along sr (kr  |  )  Thus from Lemma 2 and

Lemma 1 ( for  n = 4) we get

Prooosi t ion 2. For any stereographic proiect lon 0 :  Rä

and any lrnmerslon x : M -) Rs pe äaye

tf  (x)  = W'(Oox)

Examole.  Consider the i rnmersion x r  :  Sr x Sr

xr (o, t )  = (c.o,s.  T)

Where C = COS ct  e S = Sln cr  fOf Some Constant c € (0,nl | )

This ar ises as the enveloping surface

s3

of al l  Z-spheres in Sgo wlth spher lcal

radlus c and center on the great

circ le Sr.1 = 51ä n (C x 0) .  These are

orthogonal  lntersect lons o f  S: ts wi th

3-spheres of  radius tan c Llkewlse,F;93

xr is the enveloping surface of  the spheres of  spher ical  radius

n/2 -  d wi th center on s"*r ,= sc '  n (0 ,  CI)  which are orthogonal

intersect ions of  s ' r  wl th 3-spheres of  radius cot  cr  s ince the

or lentat lons of  the lat ter  spheres are opposl te,  we get

4 [ t r  (xt  )  = (cot  a + tan a) 'ä(2n cos cr)  (2n s ln c)

= 2tr.. 'ä, 1( sin 2cr ) I  2nä

with equal i ty exactry for  s = n/4 (cr i f ford torus).  These



surfaces correspond

stereographlc proJ ect lon

revolut lon we get l l  l

large and smal l  radlus

The preceding paragraph showed

spheres played an important röle for

any unor iented 2-sphere S'  c S.:r  we

complement of  a disk in project ive

-6

to the tor l  of  revolut lon

6 wlth 0(o) € S:a1 .  Thus for

Zn'a wi th equal l ty l f f  the rat lo

ls rZ which corresponds to the

under a

tor l  of

between

CI I  f ford

torus.

,..'" 
l-
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Thls was observed by t t l l lmore tWl and lead him to the conjecture

that [J 2 Zns for any torus ln Rs The conjecture has been

proved by Ll  and Yau tLYi for  some conformal c lasses, L.  $ lmon tSl

showed that there exlsts a smooth lmmerslon of  the torus whlch

minirnizes the funct lonal  W ,  but  the t l i l lmore conjecture is st l l l

open, More general ly,  an lmmersion x :  M

l l l l lmore lmnerslon l f  t t  ls  a cr  l t lcal  polnt  of  W ,  1,  €,  l f  t "h*

f i rst  var iat ion vanishes at  x This wi l l  be computed ln ch.3.

2.  Or j .ented Moeblus Geometrg

that the geometry of  or iented

the Wil lmore funct ional .  To

assign a point  P(S')  in the

4-space RP' ' r '  ,  namely the
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center of  the 3-sphere s^ whlch intersects s1B

arong st  or  tn other words the vertex of  the cone

tangent to Ss! along Sr (see F, ig. i . ) ,  I f  Sr ls a

then S^ becomes a 3-plane and C a cyl inder,  so

the polnt  at  o in the direct ion of  the normal vector

we start  wl th the sphere

orthogonal  ly

C whlch ls

great sphere,

the center is

of  S^ I f

S, . (m) = {x e Rs ;  l lx  -  ml l  = r}

in B:s and enlarge i t  to a 3-sphere in R- l  wi th the same center

and radlus,  then p(0(s,(m)) ls the center of  the i rnage of  that

3-sphere under the lnverslon o of  R.+ which cont inues the

stereographic proJect lon 0 :  Rr '  - )  sa (cf .  ch. l ) .  From this we

get
*f  t ' )

P(0(S,(m)) = (Zm, l lml l*  -  r r ,

= [m, ?z( l lml l*  -  r , .

j - ) / ( l lml lä -  r : i i :

L) ,  %( l lml ls l_)  I

the subset t ly , l l  ;  y  € E4l  of  gp'+

scalar product on Rer ,  namely
.+

= t  Xr Yl -  XsYsr;

+ 1)

rr' +

where we conslder R"+ as

fntroduclng the Lorentzian

(x.  y>

we have S'ä = t tXl  e RP4 ;  (X,X) = 0]  and p(0(S,.(m)))  is  a lways

a homogeneous vector ty l  wi th (y,y)  > 0 Thus we may normarize
the vector Y so that (y,y)  = r .  rn th ls näle out of  the r ine
tYl  we choose two s-vectors y and -y which now correspond to
the two or ientat lons of  s ' (m) we agree that negat lve varues of
r  correspond to the or ientat ion wi th respect to the outer normal
so that k = Llr  is  the mean curvature wi th respect to the chosen
normal.  Putt ing Y

P,. . (  0S- (m) )
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and thus we have represented the spheres ln R. '  by points in the

quadr lc Q'*  = iY e Rs t  <V,y> = 1l  whlch is l tsel f  a Lorentzian

manifold of  constant curvature.  I f  we let  r  - )  0 ,  we have to

renormal lze by mult lp ly lng agaln wl th r  ,  and thus we get

X =. l l l r t 'P*(qS,-(x))  = (x,  I r ( l lx l l :a 1),  7r( l lx l ls  + 1))

as the representat lve of  the polnt  x e Rs In fact ,  the mapplng

x

(X,X) = 0]  ls  the l lght  cone ln Rr$ The fol lowing table shows

how objects in Bo are represented in Ere :

Sphere of  radlus r
and center m

Sphere of  mean cur-
vature * ' l  through x
with uni t  normal n

Plane through x
wlth unl t  normal n

Point  x

Incldence x e S

Moeb(3)

r* '1 (m. l / ' (  l lml lä-rä-1),  l&( l lml lä-rs+i . )  )

(Hx+n, %44 l lx l l '+2(x,n) -H),  lz( , l . l l lx  l l ' '+2(x,n)- f -H )

(  n,  (x,  n) ,  (x,  n)  )

(x,  l l . (  l lx l lü ' - i - )  ,  h( l lx l l *+l-)  )

(x,  P-- . (0(s)> = Q

PO(4,L)

Here' theth1rd1inefo11owsfromthesecondbypass1ngtor->

@ The f i f th I lne fo l lows since by def in i t ion,  P." . (0(S))  belongs

to the tangent space of  L at  X The group PO(4,L) consists

of  those proJect lve t ransformat lons of  nP* which preserve the

sphere S::r  = t tXl  ;  (X,X) = 0) So thelr  restr lct lons to S.: i r '  are

Moebius t ransformat ions s ince the 2-spheres (which are the inter-

sect ions of  S'o wi th 3-planes) are mapped onto 2-spheres.  More-

over,  the Moebius group on Sr:e is generated by al l  ref lect ions at
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Z-spheres S, ' r '  n H where H is any hyperplane ln

inversion ar ises f rom the Lorentz refrect ion at  the

in n$ whlch shows the last  l ine.

RP* Such

preimage of  H

A classicar probrem in Moebius geometry (cf .  tBol)  is  the

study of  2-parameter fami l ies of  spheres (spJrere comgraence).  Thls

isasmoothnapping S: M

2-dlmensional  maniford.  r t  is  represented by a snooth mapping

Y :  M -)  Qd+ ,  Y(m) = P(q(S(m)) A smooth map x :  M -)  R: i '  is

carred enve- loplng surface of  the sphere congruence s i f

(a)  x(m) e S(m),

(b) dx","(T, , .M) c T*c, , rS(m)

for al l  m e M Passlng to the rnapplng X :  M

ponds to x ,  (a)  and (b) are t ranslated lnto

(X(n),Y(m)) = g,  (dX,"(v) ,  y(m)) = Q

for any m €

surface X o

(E)

Now let  x :  M -)  R.: i t  be an

n :  M -)  S: i :  and mean curvature

m e M is the sphere S(m) which

M,

fa

v e T, . .M So rde may character lze the enveloplng

sphere congruence Y by

(X,Y)=Q, (X,dY>=Q

where vre have used that d<x,y) = Q .  rn other words,  x(m) is a

nul I  vector ln Tv, :"" , r0 '*  which ls normal to y

3.  The conformal Gauß map

lmmersion with unl t  normal f ie ld

H The centraL sphere of  x at

is tangent to x at  x(m) '  and
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has mean curvature k = H(m) By the remark fo l lowlng Lemrna i . ,

th is is the central  sphere of  the pr inclpal  curvature spheres at

m ,  1.e.  lnverslon at  S(m) maps one pr lnclpal  curvature sphere

onto the other.  Thls def lnes a sphere congruence whlch ls Moeblus-

invar iantry connected wlth the immerslon x (cf .  ch. l . ) ,  car led

the conformal 6auß nap of  x .  crearry,  x is an enveroping

surface of  S

As above, let  Y(m) = P(0(S(m)) be the representat lve ln

0"* By the table ln ch.Z,  we have

(L) Y = H.X + T

where

(2) X = (x,  } | (  (x,x)  L) ,  lA( (x,x)  + i - )  )

is  the representat lve of  x ln L and

(3) f  = (n,  (x,n),  (x,n))

the representat ion of  the tangent plane.

Proposi t ign L.

(dy,dy) = (Hü -  K) (dx,dx)

Proof.  We have (X,X) = Q, <T,T) = L,  (X.T) = Q and therefore

(dX,X) = (dT,T) = Q, (dT,X> = -(dX,T) .  Moreover,

(4) dX = (dx,  (x,dx),  ( t r ,dx))  r

(5)  dT = (dn, (x,dn).  (x,dn))  ,

f rom whlch we get (dX,T> = (dx,n) -  0 and

(dX,dX)=(dx,dx)=f ,

(dX,dT) = (dx,dn) = - I I  ,

(dT,dT)=(dn,dn)=fI I ,
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(dY,dY) = Hä, I

used the relat lon

Lt_

the classical  fundamental  forms. Thus

2H'I I  + I I I  = (H* _ K) . I

I I I  = 2H,I I  -  K. Iwhere we

Thus'  Y ls a conformal map wlth respect to the conformal

structure on u lnduced by x ,  and the Wl l lmore funct lonal  ls

the area of  Y ,

In part lcular,

W(x) = Area(y)

x ls a Wi l lmore immersion i f  y ls

surface. To see also the converser ?r€ need to compute the mean

curvature vector of  y Let a be t ,he Laprace operator wl th
respect to the metric induced by x on M

Prooosi t ion 2.

AY + z(H'a -  K)Y = (aH + 2(H.ä _ K)H)X

Lemma :

a mlninal

Ax = ZH,n ,

An = -2 dx(VH) -  Z(ZHa -  K)n .

Ap = 2(L *  H,o) ,

Ao = -Z (VH,Vp) -  (  4H,r  ZKJI ZH

P = (x,x) /Z t  e = (x,n)

Proof of  the lemma. Let €r. ,  €:r be a local  or thonormal basis on

= (ör ) ' r '  ,  where D ls the Levi-

agree that we sum over repeated

where

M Let ö* = ö"r .  
"ad

Civi ta connect lon on M

indices.  Then

D*=

. Let

D
€r

us

Ax = örörX -  dx(Dler.)  = (Ördx(en),n)n = I I , r . r . . r r  = 2H.n ,
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An = ö,r .0,r t r  -  dn(Dr€r)  = Dn(dn)(e.r)  + (örörn,n)n

= _Dn. ( I I ) r . . r .dx(e. :  )  _ ( I I r . . . r  )ä.n

= -Dr( I I ) rn.dx(e.r)  -  (kr*  i  k :az)n

= -ZÖtH. dx ( e.r ) t  4H:* 2K ) n

= -2 dx(VH) (4Hä 2K)n

Now for any two functions u,v : l l

A(u,v)  = (u,Av) + (v,Au) + 2 t race (du,dv) .

hence

Ap = (x,Ax) + t race (dx,dx) = 2H(x,n) + I  = 2(L + Ho),

Ao = (x,An) + (n,Ax) + 2 t race (dx,dn)

-2 (x,dx(VH)) (4H:t '  2K)(x,n) + 2H -  4H

-Z dp(VH) -  (4H* ZK)o 2H

Proof of  Proposl t ion 2.  We have by (1)

AY = A(H.X + T) = (AH)X + H.AX + 2 dX(VH) + AT

and by 3.3 and (2) ,  (3)  ,

AX = A(x,pip) = ?H,I  + 2.(0,L,Ll  ,

AT = A(n,o,o) = -(4H#, 2K).T 2H.(0,1,L,  -  2 dX(VH),

hence

aY = (aH)x 2(H: i :  -  K).7

whlch glves the deslred equal l ty s ince T = I  -  H.X

Now let  M be a surface (which may be non-compact)  and x :

M -)  R3o an immersion. We caLl  x a Wi lTnore imrnersion i f

[J(x lMt)  ls  statronary for  any relat ivery compact open subset M'

c M ,  i .  e.  for  any smooth var iat ion xt  of  x wi th xt  = x

out,s lde Mr we have öt l (x lM, )  := (d/dt)W(xü lMt)  = Q
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( t )

(  i i )

( i l i )

L3

The folTowing statenents are equivalent. '

x  js  a UiTTnore immersion,

Y is a confarmal äarmonic map,

AH+z(HN-K)H=Q

Proof.  ByProp. 1-,Y:M

By the f i rst  var iat lon formula (see next chapter,  Equat lon (V)) ,

for  any var iat ion of  Y in 0 '*  whose var iat ion vector öY has

compact support  we have

ö(Area(Y))  = -  J ((AY) ' r 'or ,  öY) dA
M

where -rü denotes the project lon onto the tangent space of

By Prop. 2,

(a) (ay). | -c l

wi th h = AH + 2(H' :a-K)H (recal l

(öH).X + H'öX + dT ,  änd (X,X>

(6X,T> = (öx,n) =:  f  Hence

(b) 6(Area(Y))  =

= h'X

(Y,X> = $ ) .  Moreover,  6Y

=Q, <X,dX) =Q, -(X,öT)

says that ö(Area(Y))  =

h.f  dA

for al l  compact ly supported

f le lds öx along x .  Hence the integral  in (b)

for al l  f  wl th compact support  which is possible only

So r le get ( i i i ) .  But ( i i i )  impl ies (^Y)-r(ä = Q ,  bV

get ( i i )  whlch t r lv ia l ly  impl ies ( i ) .

J
M

0Now ( i )

var iat  lon

vanishes

i f  h = 0

(a) ,  so we

Examples.  (a)  Let x I  I  M -)  Srä be a minimal i rnmersion with

uni t  normal vector nt  :  M

for p e M is the intersect ion o f  Sre w i th the hyperplane

nt (p) ' '  c  R"* .  Hence P(S(p) )  is  the point  at  o in the direct ion
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nr(p) '  narnely tn ' (p) ,01 Thus y = (n ' ,0)  ,  s lnce nf  ls  a lso

a mlnlmal lmmerslon ln Sä (e.g.  see tETl l )  ,  y ls a mtnlmal

surface ln the total ly geodeslc hypersurface ss = e n R.+ in

Q" Thus x '  ls  a Wl l lmore lmmerslon,

(b) By Proposl t lon 3(111),  any rnlnlmal lmmerslon x :  M -)  Rs ls

aHl l rmore lmmerslon, s lnce H= 0 rnfact ,  wehave y=t,  and

this has values in the totar ly geodesic hypersurface 0 n {y.+=y.o}

wlth degenerate metr ic in O

Let M beasurfacewrthconformarstructure ,  ( , )  a

scarar product (posslbry indef ln l te)  on R,"  and y :  M -)  R,"  a

smooth rnapplng. For any rerat lvely compact open subset M, c M

r* l th confornnal  coordlnate (  ur ,  u:a )  :  ! {  r  - )  R:e ! , re put

Area( l f  lMr)  = f  l lyr  n y. ; , l l  d3u
Mr

where d*tu = durdu* ,  yr  = öy/öur and

l lVnWll  = |  (VaW,V^Id> l  t . / :ä:  = |  (V,V) (W,W) (V,W):ä, :  I  r . / : l l

for  any v,er € R'  .  fn part icular,  i f  y  is confornal ,  i .e.  i f

(Yr,Y.r)  = E.ör. . :

for  some smooth nonnegat lve funct ion E on M, ,  then

Area(YlMt)  = J E dn'u
Mr

Now let  Y* :  M -)  0 be a snooth var iat ion of  a conformal

map Y :  M -)  0 wi th Y{ '  = y outside Mr Let öy =
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(öY'r ' /öt) l r* , :  Putt ing a*. . ,  = (yr ,6y. .1)  we have

(Vtr ,Y".r)  = E.6r. ;  *  t (a*.1 *  ä.r*)  + O(t ; r )  ,

and hence

l l  Ytr  a Yt. ; ,  l l  ü =

E5r(L + O(t : ; , ) )  + 2tE(ar.1 *  ä: ; r :*)  -  tx(ar. . ; ,  *  ä*:r)ä + O(t . { )

In those polnt .s where E * O ,  w€ get

l lYü r .  a Yü:al l  = 8i l .  + 2tE*r (ar,  *  ä*:a) + O( t .ä)  )  r , ,a

= f ,  + t (arr  *  ä*:*r)  + O(t" ' r )  ,

Idhence ö l lYr.aY:al l  = är.  r  I  ä:a. :e On the other hand, where E = 0

we also have är. :  = Q z so l lYür a Yü;al l*  = o(t3) rdhich impl ies

6l lY'rrY*l l  = $ ln these points.  In part icular,  A(t)  := Area(yr lMf )

ls di f  ferent lable at  t=0 sr l th

öA = J (arr  i  ä. : r :a)  d#u .

and slnce 
Mr

är.r  = (Yr,öVr) = (Yr,6Y).r  (ynr,öy) ,

we get

öA = J (div l )  dau -  " f  <^,*Y,öy) dnu = -  J <A.^y,öy) däu
Mr Mr Ml

where A.. . .Y = Yrr  *  Y;* : ; :  and !  = (<dy,yr.) ,  (öyryn:))  I f  g is

any compat lb le metr ic on M with Laplacian A,o and area element

dA*'  then An,Y dA*,  = A*y däu on Mr and hence

(V) 6(Area(y))  = J (A*y,öy) dA,,
Mt

This is the f i rst  var iat ion formula for  the area of  conformar

maps. Using a part i t ion of  uni ty,  er€ see that (V) is val ld for  any

relat lvely compact open subset Mr c M I f  the var iat lon y."

takes value in some submanifold 0 
-  

E- ,  then öy is a tangent

vector of  0 and so i re only need the Te_component of  Aoy
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5. Mlnlmal surfaces ln quadr lc j i

Let  l ' l  be a Rlemann surface, Flx a (posslbly lndef ln l te)

scalarproduct <,  )on R."  andlet  y:M-)f ,n beaconformal

lmmersion. More precisely,  for  any holomorphlc chart  z = r l r  f  iu.a

of M we have (wl th a s l ight  change of  notat ion)

(Yr,Y.. :a)  = Q ,  <YtrY")  = (Y:r ,Yra) =:  2E > 0

where Yr.  = örY = 0Y/0ur Let Ny be the normar bundre and c :

TM O TM -) NY the second fundamental form with the components

clrr  = (Yr;)- '  (where r .  denotes the normal part) .  Then

q = (crr"  *  cr : r :a) / (48)

ls the mean curvature vector.  uslng the t{ l r t lnger operators

ö. = %(ör 1ö:a) ,  0;  = 7r(ör + iöre)

we get af ter  extending the scarar product < ,  )  comprex bl-

l lnear ly to C-

(Y*,Y*) = (V;,Y;)  = Q, <y*,y;)  = S .

Y.;  = oxü'  = \  (g"r  f  Qrra) = E.r l

(note that  Y*; '  ls  othogonal  to y-  and y;  ,  hence a normal

vector )  .

Now conslder the quadr ic

0 = tx € R' '  i  (x,x)  = L)

in R" '  and let  Y :  M -)  0 be a conformal rninimal immersion.

Then q ls normal to 0 ,  hence a mult lp le of  y ,  and slnce

(n,Y) = (Yoö,Y>lE = -(Y.,Yä)/E = - l  ,

ete get r l  = - l f  ,  thus

Y*;  = -2E.Y
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On M we consider the quart ic form

lf  A is any symmetr ic m-form on M ,

representat ion

, \  = E A..r* dz' t  dZ"
J +kürrr

and thls decomposi t ion ls invar lant  under

phlc chart .  t le caI I  Acr ' r+) = Asr* dzr dZ"

(cr ,a)  .  More general ly,

I t  has the coordinate

change of  the holomor-

the (J.k)-part  of  A

Proposl t lon 1 Let

imrnersion. Then

Y: M-)OcB' be conforma-l rninirnal

(ctrct)  (4,())  = (Y-*rY*o)dz4

ls  a hoTonarphic form,and (crrq; ,> ( ' [ '  c 'x

Proof.  We have Y** = ä 'Yx + b 'Y;  +

b But s ince b.E = (Y*o,Yo) -  0 ,

(Yr*,Yo*> = (c,* ,Cr**) .  Moreover,

(Y**,Y**) ; .  = 2 (Y*ä*,Yo*) =

since (Y,Y-:)  = (Y-,Y*) = 0 and

Therefore,  the form ls holomorphic.

cr* .  for  some

we have b =

funct ions a,

0 Therefore

Remark,  I f  y ls only a conformal harmonlc r [äp,  then Y Is a

branched minimal lmmerslon (cf .  IGOR],  tETl) .  In part lcular,  y

is an immersion outside a set  of  lsolated points.  Since the form

(Y.- ,Yo*) dz '+ is def ined everywhere, i t  is  holomorphic also in

this case.

The case n = 5 is of  part icular interest .  Then Ntf  is  a Z-

dimensional  bundle.  [Je may choose a loca] pseudo-orthonormal f rame
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Nr'  N'a of NY @ 0 ,  i .e.

(Nr,Nr)  = (No,N=) = Q, (Nr,No) = 1

Then we have the decomposi t ion

(*)  (Y-- 'Y.-)  = (Y-*rNr)(V"rNz)

and each of  the factors sat isf les a Cauchy-Riemann equal l ty:

Prooosl t lon 2.

(Y*='Nr) ;

(Y*- ,N*)ä

(Nrä'Nre).  (Y'* 'Nr)

-(Nr i ,N:a).  (Y*- ,N:r)

Proof.  We have (Y*. ,Nr) ; '= ((Y.; ;* ,Nr)  + (Y* ' ,Nrä) The f i rst

term Vanlshes slnqe Y.;  = -8.  y ,  and Nr is perpendicular to y

and to Y. s lnce Nr ls a tangent vector of  O and a normaL

vector of  Y .  Moreover,  s ince (Nr i" ,Y*)  = -(Nr,Y*ä) = 0 and

(Nrä,Nr) = Q ,  the vector Nrä l ies in tbe span of  Y- and Nr .

due to the pseudo-orthogonal t ty of  the bases V*,Y; and Nr,N*

But Y** is orthogonal  to Yo ,  hence only the Nr-component of

Neä (which is (Nr i ,N;e).Nr )  contr ibutes to the scalar product

st l th Y*o ,  whence (Y.*,Nrä) = (Nrä.N.x).  (Y*- ,N.)  This shovts the

f  l rst  equat lon.  The second fol lows since (Nrä,N,a) = -(N:aä,Nr )

Remark,  Clear ly,  Proposl t lon 2 l rnpl les Proposl t lon L ln the 4-

dlmensional  case. Horeover i t  shons that any of  the funct lons

(Y*, ,N,r . )  has lsolated zeros or vanlshes everywhere. Thls remalns

true for the non-zero factor i f  the product (Y**,Y*.)  vanlshes.

Pronosi t ion 3. (Y,*,Y**)  =Q .  then

N.r* = 0 (mod N; )

for  j=2

IT

ei ther for j  =l ot
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Proof.  Since one of  the factors (Y.*,N;)  = -<Y-,N.r . )  in the

decomposi t ion (*)  vanishes and (N.r , ,Y; : )  = -(N..r ,Y; . )  = O ,  the

tangent component of  N.r .  vanishes, and so N.,*  is  a mult ip le of

NJ

Remark.  So far,  we dld not

the scalar product < ,

Iast  resul t  are dl f ferent

Proposi t lon 3 only says that

into CIP'+ , but in case of

real  vectors,  är ld so [N.,  ]

I  N., 1' ' '

Pronosi t ion 4 -

RJemann surfäce

räere N(A) is

X(M) the Ealer

dlst ingulsh between di f ferent types of

ln B!5 But the consequences of  the

for var lous types. In general ,

IN.,  ]  is  an ant iholomorphic mapping

the type (  ++++-),  Nr and N: '  are

must be a constant l lne,  and Y(M) c

Let A be a hoTomorphic m-forn on a compact

M Then el ther A=0 or

X(M) = - ! i l (A)/m

the nunber of zeros. caunted tt l th theJr order. and

number.

Proof .  A is a sect ion ln the complex l ine bundle O' ,T* 'M where

T* 'M denotes the bundle of  (  l - ,0 )  - forms or the complex dual  of

TM ,  v iewed as a complex l ine bundle.  The Eu1er number of  th is

bundle is X(8*T*M) = -m.X(TM) By the index theorem of Polncarä-

Hopf,  th is Euler number equals the index sum of the zeros of  A ,

unless A =0 But local ly,  A behaves 1lke a holomorphtc

funct lon,  and so the index of  a zero is the order of  that  zero,

which f in ishes the proof.
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6. Si I Imore Soheres ant l  Tor l

Now let  x :  M -)  Rrs be a f l i l lmore immersion. Then by ch.3,

the conformar Gauß map Y :  M -)  04 ls a conformar harmonlc map,

I f  Y ls not constant (whlch means that x ls not an umbl l lc

surface),  then y ls a conformal minimal lmmersion on some open

densesubsetHlcM.Infact ' themapp1ngp-)dY'(T] 'M):H'>

G*(Rs) can be smoothly extended to at l  af  M (cf .  tETl  )  so that

the normal bundle NY ls def lned everywhere. The tnduced metr lc

on NY has type (+-) ,  and so l t  contalns two nul l  l lnes tNr l  ,

lN:al  whlch correspond to the two enveloping surfaces, by (E),

c l t .Z.  One of  these enveloplng surfaces is the given immersion x .

so we rnay assume Nr = [  Bryant tBr l  calrs the rematnlng

enveloping surface x^ := N= the contarmai t ransform af x rn

the case where (Y*, ,Y. . )  = 0 ,  th is is a constant map, by

Proposl t lon 3 of  the precedlng chapter.  Then x^ € L represents a

polnt  x^ € Rtu u (o]  which can be mapped to o by a l loebius

transformat ion g e Moeb(3) ( ln fact  by an lnverslon).  Slnce al l

the spheres correspondlng to Y pass through x^ ,  they are

mapped onto pranes under g But these planes are the central

spheres of  the lmmerslon g o x:  ! l  - )  B.r  u to l  ,  and so g o x

ls a mlnlmal lmmerslon. Thus we have proved

Proposi t lon.  Let x :  M -)  R3 be a Hi l rnore immersion. Let y :

M -)  0"+ be i ts conformal.  6auß map and suppose täat (c l ,q) . :4,  ö)

= 0 where cl denotes the second fundamental forn of v , Then x

is ei täer umbi l  ic  ar  a l foebius t ransform of a rninirnal  i rnrnersion

xt :  M



I f  U ls homeomorphic to a

post l t ive,  and so we must have

ch.5.  Hence we get a maln resul t

2t

sphere,  then i ts Euler number ls

(c,c>q'* 'a) t  = 0 ,  by Prop.4 of

of  IBr] :

(
I
I
I
\

Theorem L A WllTnore späere tn Rr'. '  is ej tJrer unblT ic or a

Hoeblus t ransform of some conplete rninimal surface ni tä f in l te

total  curvature.

The last  statement holds s ince ln the mlnlmal case, the total

curvature ls the Hl I Imore funct lonal  (up to s lgn) which 1s

invar iant  under Moebius t ransformat ions.

Moreover we note that  any branch point  of  Y gives a zero of

(Y.. ,y--)  = -<y-,y,* . )  The branch points of  y in turn are

umbl l ic  polnts of  x ,  by ch.3,  Prop.1.  Thus l t  fo l lows from

Prop.  of  ch.5 that  a l t l l lmore torus x :  Tä

unbl l  ic  points unless (cr ,a)  {{+,  c '> = Q In the lat ter  case, l t

fo l lows from Osserman's theorem tOl that  W(x) l  8n )  Zr.z In

part lcular we get:

,Y

Theorem 2. An immersed torus in

funct ional  has no urnbiTic points,

R,t nhich nlnlnizes t j te UiTTnore

fu, 
I
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Apnendix

The funct ional  t l  has been studied f i rst  by W.Bl-aschke tBl l

and G.Thomsen ITl .  They considered i t  as a subst i tute for  the area

of surfaces in conformal geometry.  Consequent ly,  the surfaces x

with öW(x) = 0 (HiLImore immersions) were cal led t 'Konforn-

minimalf lächentf  (conformal ly minimal surfaces).  So the conformal

more general-  context  tCnl  that  W is in fact

invar iant  not only under conformal di f feomorphisms, but under

conformal-  changes of  the metr ic of  the target space. This is

easi ly seen as fo l lows: I f  Mn is a di f ferent iable manifoLd and

I  some interval ,  consider the Riemannian metr ic g = f*dt :e + gr,

on I  x M ,  where f  is  a posi t ive funct ion on IxM and ge a

fami ly of  metr ics on M Then N := f*r . .O/öt  is  a uni t  normal

vector f ie ld of  the hypersurface t t lxM and i f  b denotes the

second fundamental  form of  ( t lxM with respect to -N ,  vr€ get

invar iance of

observes in a

Thus, Lf

MxI ,  the

Thus the

by 9t  (B(

e{as c lear f rom the beginning. Later,  B.  Y.Chen

dg.r , /dt  = 2f .b

we consider a conformal ly changed metr ic g^ = I ,n.g on

corresponding second fundamental  form b^ sat isf ies

2f . I .b^ = dg*^ldt  = 2\ . (OI/öt) .9r ,  + I rx.Zf  .b

corresponding znd fundamental  tensors B, B^ def ined

x),Y) = b(x 'y)  ,  $r ,^(B^(x) 'y)  = b^(x 'Y) sat isfy

L.B^(x) = B(x) +

with U = f* ' t ' .0(  1og I)  /öt  .  Hence ,  i f

B and dv.r ,  the volume element of  g. t ,  ,

is  invar iant .  under conformal changes of

u.x

k.., are the

Lhen E
J..4J

the metr ic

eigenvalues of

lk"  -  k.r  l "  dvr,

g
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Thomsen tT1 already states the f i rst  var iat ional  formula for

the funct i .onal  w (  cf  .  Prop. 3 of  ch.  3 )  which \ . ras der ived by

w. schadow. The second var iat ion was computed much rater by

J.L.Weiner IWe] who also observes that the Wi l lmore torus (cf .

Ch.1-)  is  stable in the sense that the second var iat ion of  W is

nonnegat ive.  The quart ic form A which we introduce in Ch.5 was

considered by Chern tchl  for  minimar surfaces in sn r t  was the

idea of  R.Bryant tBr l  to use this form for the conformal Gauß map

of a WiI lmore immersion.
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