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Absolute regularity of stochastic processes and
fields — Miaing is a structural property of the probabil-
ity law of a family of dependent random variables (e.g.,
stochastic processes or fields; c¢f. Stochastic process;
Random field) which describes the degree of (weak)
dependence between subfamilies of random variables de-
fined on distant parts of the index set. First, to avoid
confusion, one has to distinguish between mixing prop-
erties of invariant (not necessarily finite or probability)
measures used in ergodic theory and mixing condi-
tions in probability theory based on appropriate mix-
ing coeflicients measuring the dependence between o-
algebras generated by random variables on disjoint in-
dex subsets. An essential feature of these coefficients is,
in contrast to ergodic theory, that they provide uniform
bounds of dependence over all events of the o-algebras;
sce [2] for a survey. This is the main difficulty in ver-
ifying a specific mixing condition of a given stochastic
process. On the other hand, this uniformity is the key
to proving bounds of the covariances in terms of the
mixing coefficient and the moments of the marginal dis-
tributions. In turn, from these covariance estimates one
can obtain central limit theorems, other weak and strong
limit theorems for sums of random variables, functional
limit theorems, etc.

An important, and in many situations quite natu-
ral, measure of dependence between two arbitrary sub-o-
fields A, B C F is the absolute regularity (or S-mizing
or weak Bernoulli) coefficient

B(A,B) =Esup |P(B|A) -P(B),
BeB

which was first studied by V.A. Volkonskii and Yu.A.
Rozanov [6], who attributed this measure of dependence
to A.N. Kolomogorov. As has been shown in [6], 8 (A, B)
can be described in a different way. Let P agp be the
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restriction to the product-o-field A ® B of the mea-
sure on ) x 2 induced by P and the diagonal mapping
w > (w,w) and let P4, P denote, respectively, the re-
strictions to A and B of P. Then

B(A,B) = sup [Pags(C)— (PaxPp)(C)| =
CeARB
I J
= 35 Y S IP (400 By) — P (4 P (By)],

where the supremum is taken over all pairs of finite par-
titions {A1,...,Ar} and {B1,..., By} of £ such that
AicAi=1,...,I,and B; € B, j=1,...,J. Abso-
lute regularity of a stochastic process {X;: t € Z'} is
then defined by limg_, Bx (s) = 0, where

ﬂx(s):sgpﬁ(a{Xu: u<tl,o{Xy: u>t+a}).

Here, 0 {X, : u € I} denotes the o-algebra generated
by the random variables between the braces. Note that
B-mixing is one of the weakest mixing conditions, but is
indeed slightly stronger than a-mixing; see [1] and ref-
erences therein. There are a lot of examples of S-mixing
random processes in discrete and continuous time; see
[1], [2]. Further examples are renewal processes (see [3]
and Renewal process), and solutions of stochastic dif-
ferential equations (see [5] and Stochastic differential
equation). Various versions of the central limit the-
orem for #-mixing random variables were proved under
a certain rate of decay of 8x (s) as s — oo and the exis-
tence of E | X;|**° for some § > 0, see [7]. Roughly speak-
ing, the asymptotic theory of S-mixing random variables
is quite similar to that of a-mixing random variables.
It should be mentioned that absolute regularity of
random fields {X.: z € Z?} (like other strong mix-
ing properties) is very distinct from absolute regularity
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of random processes, see [2]. It is not adequate to re-
quire that the g-mixing coefficient tends to zero when
two half-spaces of index sets are separated by a dis-
tance tending to infinity. This is only the case for m-
dependent fields (cf. m-dependent process). At least
one of the index sets must be bounded and the content of
its boundary is important in order to derive limit theo-
rems for random fields. A central limit theorem is proved
in [4]. There are many examples of spacial random struc-
tures in stochastic geometry, such as point processes,
germ-grain models, or random tesselations, which could
be shown to be f-mixing. In other words, for random
fields associated with such random sets, sharp bounds
of the corresponding S-mixing coefficients are available,
see [4].
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