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f : I → R
[ � $8785�"W13 0 

f(I) ⊆ I
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I ⊆ f(I) ,
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x∗ ∈ I
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f(x∗) = x∗
[
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[a, b] := I
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g(x) := f(x) − x
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f(I) ⊆ I
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f(a) , f(b) ∈ [a , b]
L3137'(*S

$8 W(6AC&)(*SU W"0&�;*&
f(a) ≥ a

I0 W"
f(b) ≤ b

[b�.$'&�;Z13IW(�R�SU784X5<�)I0 ��U�*/W(65
g(a) ≥ 0 ≥ g(b)
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I ⊆ f(I)
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a , b ∈ f(I)
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x1, x2 ∈ [a, b]
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f(x1) = aI0 W"
f(x2) = b

[E��13;Z13IW(�R�SU784X5x(*�Z/078$'&�¤X78$'�*/
g(x1) = f(x1) − x1 = a − x1 ≤ 0 ≤

b−x2 = f(x2)−x2 = g(x2)
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(X, d)
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f : X → X
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s ∈ [0 , 1)
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d(f(x), f(y)) ≤ s · d(x, y)
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x, y ∈ X
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x∗
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X
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x∗ ∈ X
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f(x∗) = x∗.
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x1 ∈ X
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xn+1 := f(xn)
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n ≥ 1 .
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x
�)I

f(x)
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(X, d)
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f : X → X
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x∗
�{SU 

f
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d(x, x∗) ≤ 1

1 − s
d(x, f(x))
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x ∈ X .
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n ∈ N
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d(x, fn(x)) ≤
n−1∑

ν=0

d(fν(x), f (ν+1)(x)) ≤
n−1∑

ν=0

sν d(x, f(x))
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≤ d(x, f(x))
∞∑

ν=0

sν = d(x, f(x)) 1

1 − s
.
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d(x, ·) : X → R
+
0

4X$8785."W13 0 ÑR_B0;@��&)"0&)(
x ∈ X

d(x, x∗) = d(x, lim
n→∞

fn(x)) = lim
n→∞

d(x, fn(x))
(A.1)

≤ 1

1 − s
d(x, f(x)) .
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(X, d)
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(P, dP )
I0 W"
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w : P × X → X
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s ∈ [0 , 1)
L0(*S�"W1U(*(

d(w (p, x), w (p, y)) ≤ s · d(x, y)

R_B0;.13787'&
x, y ∈ X

I0 W"
p ∈ P

4X$8785M[
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x ∈ X
$'(65�"%$'&�,.A0A0$87'"%I0 04

w (· , x) : P → X
(65*&�56$84W[
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w (p, · ) : X → X
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p ∈ P

&�$8 W&� 
&�$8 W"0&�I056$84�AC&)(656$8+�+�5Z&Y �DE$GF%H0I0 0JK5

x∗(p)
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p
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x∗ : P → X
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p ∈ P
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x∗ :
P → X

�)Ir�M&�$84=&� N[� �I0+ù �9�&)�ZJ=&�"%$'&)(*&)(?��1U�Z/{9�&�$'(*&)(?(*&�$'&� rA2&�78$'&�A0$84=&
p , p0 ∈ P4=&�4=&�A2&� N[���13 0 �4X$8785

d(x∗(p) , x∗(p0)) = d(w (p, x∗(p)) , w (p0, x
∗(p0))) ≤

≤ d(w (p, x∗(p)) , w (p, x∗(p0))) + d(w (p, x∗(p0)) , w (p0, x
∗(p0))) ≤

≤ s · d(x∗(p) , x∗(p0)) + d(w (p, x∗(p0)) , w (p0, x
∗(p0))) .�.$'&�;Z13IW(:R_SU784X5."W13 0 

d(x∗(p) , x∗(p0)) ≤ 1

1 − s
d(w (p, x∗(p0)) , w (p0, x

∗(p0))) .
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"%$'&)(*&�;.ú. 04X7'&�$'�*/KI0 04�R_B0;

p → p0
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(X, d)
$'(65Ð4=&� �13I

"W13 0 ÑJ{SU+�H�13JK5 � $8+ á{$8 0 W&��=SU Ñ�¢&�$8 W&Y�!ê�SU;*&�7��YL09�&� 0 �(6$'&�
 s2è�õ�zKmon�s2t#jEa0nCc $'(65ML
"b[ /N[8L09�&� 0 ?��&)"0&�D�SU784=&�$8 

A
&�$8 W&� ����3I%R_I0 04=(69�&�;65�$8 

A
AC&)(6$856�)5M[
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Õ s�w3s2è_è�a0w?d{kì`ba%cMdÑu�]_^��
� &)"0&�;:J{SU+�H�13JK5*&¢+?&�56;6$'(*�Z/W&�Ü¢13I0+ $'(65��{SU787'(65Z�3 W"%$84W[

uxz=y�zKh�pX� ��1U�*/æá%1356��ê�[8��AC&)(6$856�)5���&)"0&���13IW�Z/Kä{�!DWSU784=&x$8+ AC&�56;Z1U�*/K5*&�5*&� �+?&�56;6$'(*�Z/W&� 
Ü¢13I0+í&�$8 W&� ì���3I%R_I0 04=(69�&�;65Ð$8 ì"%$'&)(*&�+íÜ¢13I0+�[P��1U�*/ì,. �1378ä%(6$'(Ð�YL�á%135*� É [ �W[ �%LT$'(65
"%$'&)(*&�;.���3I%R_I0 04=(69�&�;65."0&�; � ;*&� 0�)9�&�;65¢"0&�;���13IW�*/Kä{�!DWSU784=&X[
ê�&Y�{SU;�9:$8;�I0 W(�"0&�+âê�&�9�&�$'(�"0&)(�á%1356�M&)(�ê�[8���)I{9�&� W"0&� NLCJK7Q�3;*&� Ó9:$8;� WS{�Z/�&�$8 0$84=&

4X;6I0 W"%7'&�4=&� W"0&<á%1U�*/K�=&�;6/�13785*&¢�)I0+ ,.AW(65Z13 W"?�)9:$'(*�*/W&� �£@I0 0JK5*&� ÐI0 W"ÐÒ�&� 04=&� �$8 Ð+?&Z�
56;6$'(*�Z/W&� �Ü¢�3I0+?&� N[K�.$'&�;6�)I�(*&�$

(X, d)
&�$8 Ð+?&�56;6$'(*�Z/W&�;�Ü¢13I0+	I0 W"

M
&�$8 W&��o&�$878+?&� 04=&

�{SU 
X
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a ∈ X
I0 W"

"0&�;.Ò�&� 04=&
M
�=&�;6+�$8565*&�7'(."0&�;.ê�&��)$'&�/{I0 04

"%$'(65
(a, M) := inf {d(a, c) : c ∈ M} .

� ê�[8���
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M
&�$8 04=&YR_B0/0;65*& \��Ep)cMaWm��Ep�| S{"0&�;
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( · , M) : X → R
+
0
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(65*&�56$84Ó$'(65MLE+?&�/0;� WS{�Z/NLl"W1U(*(�(6$'&�"%$'&�4X78SUA21378&��b$8HW(*�Z/0$856���!Ý.SU �(65Z13 {5*&

1
AC&)(6$856�)5 � I0 W"
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(X, d)
L
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|
"%$'(65

(a, M) −
"%$'(65

(b, M) | ≤ d(a, b)
R_B0;.13787'&

a, b ∈ X .
� ê�[ ë �
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a, b ∈ X

I0 W"
c ∈ M4XB07856$84=&<ú. 04X7'&�$'�Z/{I0 04

"%$'(65
(a, M)

(B.1)

≤ d(a, c) ≤ d(a, b) + d(b, c) .
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(a, M) − d(a, b) ≤ d(b, c) ,
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a
I0 W"

b
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R_B0;�"%$'&<Ò�&� 04=&
{d(b, c) : c ∈ M}

$'(65M[0��13;Z13IW(�R�SU784X5."W13 0 
"%$'(65

(a, M) − d(a, b) ≤ inf {d(b, c) : c ∈ M}
(B.1)
=

"%$'(65
(b, M) ,

I0 W"Ñ9�&�$85*&�;¢&Y;*/��3785�+Ð13 
"%$'(65

(a, M) −
"%$'(65

(b, M) ≤ d(a, b) .
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X
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a
I0 W"

b
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